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Editors' Foreword 

Mathematics has �een e��anding in all d�rections at a fabulous 

rate during the �ast half century� New �elds have emerged, 

the di��sion into �ther disci�lines has �roceeded a�ace , and 

our knowledge of �he c�assical areas has grown ever more �ro�

found � At the same time, one of the most striking trends in 

modern mathematics is the constant�y increas�ng interre�at�on�

shi� between its various branches� Thus the �resent�day 

students o� mathematics are faced w�th an immense mountain 

of material� �n addition to the traditional areas of mathe�

matics as ��esented in the trad�tional manner�and these 

��esentations do abound�there a�e the new and often en�

��ghten�ng ways o� look�ng at these t�ad�t�onal a�eas, and also 

the vast new a�eas teem�ng with �otentialiti�s� Much of this 

new material �s scattered �ndigesti��y throughout the research 

�ournals, and ��e�uently cohe�ently o�ganized only in the 

minds or un�ub��shed notes of �he working mathema�ic�ans� 

And students des�e�ate�y need to �earn more and more o� �his 

material � 

This series of brie� to�ical book�ets has been conceived as a 

�ossib�e means �o tackle and ho�efu��y to alleviate some of 
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vi Editors' Foreword 

�hese �edagogica� �roblems� They are being written by active 

research mathematic�ans� who �an �ook at the latest develo�

ments� who can use these develo�ments to clarify �nd con

dense the re�u�red material , who know what ideas to under

s�ore and what te�hn��ues to stress� We ho�e that they w�ll 

also serve to �resent to the able undergraduate an introduction 

to contem�orary research and �roblems in mathematics , and 

that they w�ll be su�ciently informa� that the �ersonal tastes 

and attitudes of �he leaders in modern mathematics will shine 

through clearly to the readers� 

The area o� di�erential geometry is one in which recent 

develo�ments have e�ected great changes� That ��rt o� 

di�erential geometry centered about Stokes� Theorem, some

t�mes ca�led the fundamental theorem of multivariate calculus, 

is traditionally taught in advanced calculus courses (second or 

third year) and is essential in engineering and �hysics as well 

as �n several current and im�ortant branches of mathematics � 

However, the teaching o� this material has been relatively 

little a�ected by these modern develo�ments � so the mathe

maticians must relearn the mate�ial in graduate school , and 

other scient�sts a�e fre�uently al�ogether de�rived of it� Dr. 

S�ivak's book should be a help to those who wish to see 

Stoke's Theorem as the modern working mathematician sees 

it � A s�udent with a good course in calculus and linear algebra 

behind him should �nd this boo� quite accessible� 

Prin�e�on, New Jersey 

Wal�ham, Massa�huse��s 

Augus� 1�65 

Robert Gunning 

Hugo Rossi 



Preface 

This little book is es�ecial�y concerned w�th those �ortions of 

"advanced calculus� in which the subtlety of the conce�ts and 

methods makes rigor di�cult to attain at an elementary leve� � 

The a���oach ta�en here uses elementary versions of modern 

methods found in so�histicated �mathematics� The forma� 

�rerequisites inc�ude only a term of linear algebra, a nodd�ng 

a�qua�ntance with the notation of set theory, and a res�ectable 

�rst-year calcu�us course �one wh�ch at least mentions the 

least u��er bou�� �su�) and greatest lower bound �inf) of a 

set of real numbers) � Beyond th�s a certain ��erha�s latent) 

ra��ort with abstract mathematics will be found a�most 

essential� 

The �rs� ha�f of the book covers that sim��e �art of ad

vanced calculus which generalizes elementary cal�ulus to 

higher dimensions� Cha�ter 1 contains �reliminaries, and 

Cha�ters 2 and 3 treat di�erentiation and integration� 

The remainder of the book is devoted to the study of curves, 

surfaces, and higher-dimensional analogues� Here the �odern 

and classical treatments �ursue quite di�erent routes � there are, 

of course, many �oints of contact, and a signi�cant e��ounter 
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occurs �n the �ast sect�on� The very c�ass�ca� e�uat�on re�ro

duced �n the cover a��ears a�so as the �ast theorem of the 

book� Th�s theorem (Stokes� Theorem� has had a cur�ous 

��story and has undergone a str�k�ng metamor�hos�s� 

The ��st statement o� the Theorem a��ears as a �ostscr��t 

to a �etter, dated Ju�y 2, 18.50, from S�r W����am Thomson 

�Lord Ke�v�n) to Stokes� �t a��eared �ub��c�y as quest�on 8 

on the Sm�th�s Pr�ze E�am�nat�on for �8�4� Th�s com�et�t�ve 

e�am�nat�on, wh�ch was taken annua��y by the best mathe-

� mat�cs students at Cambr�dge Un�vers�ty, was set from �849 to 

1882 by Pro�essor Stokes; by the t�me o� h�s death the resu�t 

was known un�versa��y as Stokes� Theorem� At �east three 

�roofs were g�ven by h�s contem�orar�es: Thomson �ub��shed 

one, another a��eared �n Thomson and Ta�t's Trea�ise on 

Na�ural Philosophy� and Ma�we�� ��ov�ded a�othe� �n Ele�

�r��i�y and Magne�ism [13]� S�nce th�s t�me the name of 

Stokes has been a����ed to much more genera� �esu�ts� wh�ch 

have �gured so ��om�nent�y �n the deve�o��en� o� certa�n 

�arts o� mathemat�cs that Stokes' Theo�e� may be con�

s�de�ed a �ase study �� the va�ue of ge�era��zat�on� 

�n th�s book there a�e th�ee forms o� Stokes� Theore�� 

The ve�s�on known to Stokes a��ears �n �he �ast sec��on, a�ong 

��th �ts �nse�arab�e com�a��ons, Green's Theorem and the 

��v�rgen�e Theorem� These three theo�ems, the c�ass�ca� 

theorems of the su�t���e, are der�ved �u�te eas��y �rom a 

mode�n S�okes' Theore� wh��h a��ears ear��er �n Cha�te� �� 

W�at the c�ass�ca� theo�ems state �o� curves and surfa�es, th�s 

theorem s�a�es �or the h�ghe��d�mens�ona� ana�ogues (man��

fo�ds) wh�ch a�e stud��d thorough�y �n the ��rst �art of Cha�ter 

�� Th�s ��udy o� man�fo�ds� wh��h �ou�d �e �ust���ed so�e�y on 

th� �as�s o� the�r ���ortan�e �n �ode�n �at�emat�cs, actua��y 

�nvo�ves no mo�e ��or� than a �a�e�u� study o� �u�ves and sur

�aces a�one wou�d re�u�re � 

The reader ��obab�y sus�ects �hat �he modern Stok�s' 

Theore� �s at �east as d��cu�t as the c�ass�ca� theorems 

de��ved �rom ��� �n the contrary, �t �s a very s�m��e con

se�uence of yet another ver��on of Stokes' Theorem; th�s very 

abstract ve�s�on �s the ��na� and ma�n resu�t of Cha�ter 4. 
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�t is entirely reasonable to su��ose that t�e di�cu�ties so far 

avoided must be hidden he�e� Yet the �roof of this theorem 

�s� in the �athematic�an's sense� an utter trivia�ity�a st�aight

forward com�utation� �n the other hand� even the statement 

o� this trivia�ity cannot be understood withou� a horde of 

di�cult de��nitions from Cha�ter 4� There are good reasons 

why the theo�ems s�ou�d all be easy and the de�nitions hard� 

As the evolution of Stokes' Theorem revealed, a single sim�le 

�rinci�le can masquerade as several di�cu�t resul�s; the �roofs 

of many theorems involve mere�y stri��ing away the disguise� 

The de�nitions, on the other hand, serve a twofold �ur�ose: 

they are rigorous re�lacements for vague not�ons, and 

machinery for elegant �roofs� The �rst two sections of 

Cha�ter 4 de�ne �recisely, and �rove the rules for mani�ulat�

ing, what are c�assica�ly desc�ibed as "e��ressions of the form� 

P dx + Q dy + R dz, o� P dx dy + Q dy dz + R dz dx. Chains, 

de�ned in the third section� and �ar�itions of unity �already 

introduced in Cha��er 3) free our �roofs from the nec�ssity of 

cho��ing manifolds u� into smal� �ieces; they reduce questions 

about �ani�o�ds, where everyth�ng seems hard , to questions 

about Eucl�dean s�ace, where everything is easy� 

Concentrat�ng the de�th of a sub�ect in the de�initions is 

undeniably economical, but it is bound to �roduce some 

di�culti�s for the student� � ho�e the reader will be encour

aged to learn Cha�ter 4 thoroughly by the assurance that the 

results wi�� �ustify the e�ort: the classical theorems of the last 

section re�resent only a few, and by no means �he most im

�or�ant, a��lications o� Cha�ter 4; many others a��ear as 

�roblems, and fu��her deve�o�ments will be found by e���oring 

the bibliogra�hy� 

The �roblems and the bi��iogra�hy both deserve a �ew 

words� Prob�ems a��ea� after eve�y se�tion and are nu�

bered (�ike the theorems) within �ha�ters� � have s�arred 

those �roblems whose results are used in the te�t, but this 

�recaution should be unnecessary�the �roble�s a�e the most 

im�or�ant �art of the book, and the reader should a� least 

attem�t the� all� �t was necessary to �ake the bibl�ogra�hy 

either very incom��ete or un�ieldy, since half the major 
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branches of mathematics cou�d �egitimate�y be recommended 

as reasonab�e continuations of the materia� in the book� � 

have tried to make it incom��ete but tem�ting� 

Many criticisms and suggestions were o�ered during the 

�riting of this b�ok� � am �articu�ar�y grate�u� to Richard 

Pa�ais, Hugo Rossi , Robert See�ey, and Char�es Stenard for 

their many he��fu� comments� 

I �av� us�d th�s pr�nt�ng as an oppo�tunity to �o��e�t �any 

��spr�nts and ��no� e��ors po�nted out to �e by �ndu�gent 

�eaders� In add�t�o�, the �ater�a� �o��o��ng Theo�e� 3-1 1 

�as be�n �o�p�ete�y ��v�sed and �o��e�ted� Oth�� ��po�tant 

��an��s, w���h ��u�d not b� �n���por�ted �n the text w�thout 

ex�ess�v� a�te�at��n, a�e ��st�d �n t�� �d�enda at t�� end of t�� 

����� 

�altham� �assach�setts 

�a�ch ���� 

M�chael Sp�vak 
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Functions on Euc�idean Space 

NOR� AN� �NN�R PRO� U�T 

Euc���ean �-��ace Rn �� ������ a� ��� ��� o� a�� ����p��� 
�x1� � � �  � ���� o� ��a� ������� ��� � a  �1���p�� o� �������� �� 
���� a ������ a�� R1 � R, t�� ��� o� a�� ��a� �������� �  �� 
������� o� Rn �� o���� �a���� a po��� �� R�� a�� R�� R2� R3 a�� 
o���� ca���� ��� ����� ��� p�a��� a�� �pa��� ���p�������y� �� x 

���o��� a� ������� o� Rn� ���� � �� a�����p�� o� ������� � ��� 
��� o�� o� ����� �� ���o��� ���� ���� �� �a� ����� 

�T � �x�� ��� �x��� 

� po��� �� Rn �� ���������y a��o �a���� a ����o� �� R�� 

���a��� R�� ���� �� + y � �x1 + y1� � � �  �xn + yn� a�� 
�x � ��x\ ��� ��x��� a� op��a��o��� �� a ����o� spa�� � o��� 
��� ��a� ������s � o� �������o� �� � �� ���� ����o� �pa�� ����� 
�� t�� �o��o� o� ��� ���g�� o� a ����o� x� ���a��y �a���� ��� 

norm !xi o� x a�� ������ �y !xi � � �x1�� + � � � + �x�� �� 

�� � � 1 �  ���� �x� �� ��� ���a� a��o���� �a��� o� �� T�� ���a�
��o� ���w��� ��� �o�� a�� ��� ����o� spa�� ����c���� o� R� �� 
���y ��po��a��� 

� 



2 �al�ulus on Man�fol�s 

��� Theorem� If x,y E R� and a E R, �hen 
��� �x� > 0� and �x� � 0 �� and �n�y �f x � 0� 
�2) 1xiyi� � �x� � �y�� equa���y h��ds �f and �n�y �f x and y 

are ��near�y dependen�. 
�3� �x + Y� � �x� + �y� . 
�4� �ax� = �a! � �x � . 

Proof 

�1� �s �eft to t�e �eade�� 
�2) �f x a�d y a�e ���ea��y de�e�de�t, equa��ty c�ea��y �o�ds� 

�f �ot� t�e� �Y � x � 0 fo� a�l � E R, so 

� 

� � ��Y - x�� = � ��yi � xi� � 
��� 

� � � 

� � � � �y�� � � 2 � � xiyi + � �xi� �� 
i� 1 i� 1 i� 1 

T�e�efo�e the ��g�t s�de �s a quad�at�c equat�o� �� � w�t� �o 
�ea� so�ut�o�� a�d �ts d�sc�����a�t �ust be �egat��e. T�us 

� � � 
4 � � xiyi� � � 4 l �x�� � . � �yi� � � 0� 

i� 1 i� 1 i� 1 

�3� �x + Y�� � 1 �x� + yi� � 
� ��� 1 �xi� � + 1 �yi� � + 1x�yi 
� �x\� + �Y�� + �\x� � � Y �  by �2) 
= ��x� + �Y\� �� 

(4� �ax� = � 1 �x�� � = � a� � �x� .  I 

T�e qua�t��y 1xiy� ���c� a�pe��s �� �2) �s ca��ed t�e 
����r �rod��� of x a�d y a�d de�o�ed �x�y�. T�e �ost 
��po��a�t p�ope�t�es of t�e ���e� p�oduc� a�e ��e fol�o���g� 

��� Theorem� �f x� x1 � x� an� y� y1 � Y� are vec��rs �n R� 
an� a E R� �hen 

�1 ) �x�y� � �y�x� �sy��e��y� �  



�un����ns �n Eu����ean �pa�e � 

�2� �ax,y� = �x,ay� = a�x�y� ( b�� �nea���y� � 
�x1 + x2, y� = �x�,y� + �x� ,y� 
�x� Y1 + Y2� � �x�y�� + �x�y�� 

(3) �x�x� > 0� ��� �x�x� = 0 �f and 
�n�y �f x = 0  

(p�s���ve de�n��eness� � 

(�� �x� = ��x�x�� 
�5� �x�y� _  �x + �x - Y�� (p��a���a���n �den���y� � 

P�oof 

��� �x�y� = ����x�y� = �yix� = �y�x�� 
�2� �y �1� �t �u�ce� to p�o�e 

�ax�y� = a�x�y�� 
�x 1 + x�� y� = �x1 �y� + �x��y�. 

T�e�e fo��o� f�o� ��e equat�o�� 

� � 
�ax�y� = � (ax��yi = a � x�y� = a�x�y�� 

��� ��� 
� � � 

�x1 + x�� y� = � (x1 � + x���y� = � x� �y� + � x��Y� 
�=� �=� �=� 

= �x1 �y� + �x��y� � 

(3) ��d (4� a�e �e�� to t�e �e�de�� 

�5� �x + Y�� � �x � Y�� 
� 

= ·H�x + y� x + y� � �x � y� x � y�� �y ��� 
= ���x�x� + ��x�y� + �y�y� � (�x,x� � 2�x�y� + �y�y�� �  
= �x�y�� I 

�e co�c��d� t��� �ect�o� ��t� �o�e ��po�ta�t �e�a��s 
a�out �otat�o�� T�e �ecto� �0� � � �  �0) ��l� usua��y �e 
de�oted ���p�y 0� T�e ����� b���� of �� �s e1 � � � � �e� � 
��e�� e� = �0� � � � ��� � � � �0) �  ��t� t�e � �� t�e �t� p�ace� 
�f T� �� � �� �� � ���ea� t�a�sfo��at�o�� t�e �at��� of T ��t� 
���p��� �o ��e ���a� �a�e� of �� a�d �� �s ��e � � n �a���� 
� = (a��� � ����� T(e�� = �������� ���� ���������s of T(e�� 



4 �a�cu�u� on Man�fo��� 

a���a� �� th� �th col�m� o� �h� �a����� �f � �  �m � H� has 
�h� p X m �at��� �� th�� �� � has �h� � X n �a�r�� �A 
�h��� � � �� �) = �� �� �� � �  �os� �oo�s o� ����a� a�g�b�a ���o�� 
�� � s����y ���. To ��� � � �� o�� �o�����s th� m X 1 
����i� 

� � � 

� � 

�h�� �� �� = � � � � � ��m�� O�� �ota��o�a� co������o� 
g��a��y s�������s �a�y fo����as : �f � E �� a�� � E �m� th�� 
� ���) ���o��s 

��� � � � ������� ��� ��m� E ���m� 

P�������� � ��� � * P�ove �h�� \x� � ��� \x��� 
J �2� Whe� does e�u�l��� �old �� Theo�em 1�1 ��) ? H�nt� �e-ex�m��e 

�he ��oof� �he ��s�e� �s �o� ��he� x ��d y ��e l��e��l� de�e�d
e���� 

J-3. P�ove �h�� �x - y\ � \x� + \y\� Whe� does e�u�l��y �old ? 
���� P�ove �h�� � �x �  - IYII � �x - Y i· 
�-5� The �u������ �Y - x� �s c�lled ��e d���a�c� be��ee� x ��d y� 

P�ove ��d ���e���e� �eome���c�ll� ��e �������le ��e�u�l����: 

iz � x� � iz - Y� + �Y � x\� 
�-6� Le� f ��d g be ���e���ble o� [a���� 

��) P�ove �h�� ���� � �� � �����2�� � ���g2��� H�nt� �o�s�de� 

�e�����ely ��e c�ses 0 � ���� �g�2 fo� some � � R ��d 0 � 
��� � �g� 2 fo� �ll � � R� 

�b ) If e�u�l��� �olds� mus� � � �g fo� some � � R? Wh�� �f 

� ��d g ��e co����uous? 

�c) Sho� �h�� Theo�em 1�1 �2� �s � s�ec��l c�se o� ��) �  

��7� A l��e�� ����s�o�m���o� �� R� � �� �� �o�� ������v��g �f 

���x�\ � \x\� ��d ����� ��oduc� ������v��g �f ��x��y� � �x�y�� 
��� P�ove ���� � �s �o�m ��ese�v��� �f ��d o�l� �f � �s ���e��

��oduc� ��ese�v���� 

�b) P�ove ���� suc� � l��e�� ����sfo�m���o� � �s ��1 ��d ��� �s 

of ��e s�me so��� 

���� If x�y � �� ��e �o�-ze�o� ��e a�g�� be��ee� x ��d �� de�o�ed 

��x�y� � �s de��ed �s ��ccos ��x�y�/\x � � ����� ���c� m��es se�se b� 

T�eo�em 1�1 �2�� T�e l��e�� ����sfo�m���o� � �s a�g�� ������v

��g �f ��� 1�1� ��d fo� x�y � 0 �e ��ve L ��x� �y� � L �x�y�� 
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��) P�ove ���� �f � �s �o�m ��ese�v��g� ��e� � �s ��g�e ��e-
� 

se�v�g� 
�b) If ����� �� � b���s �t� .�. �xn of Rn ��d �umb��s Xt� ��� �Xn 

suc� ���� Txi � Xi�i� ��ove ���� � �s ��g�e ��ese����g �f ��d 

only � ��� � ��� ��� ������ 

�c) W��t ��e �l� ��gl� ��ese�v��g �� Rn� Rn? 

� 2 2 � 
. � cos 8, sin 8� 

�-9� If 0 � 8 � �� �e� � R �  R ��ve � e m����x � 8 8 � � �sm , cos 

S�o� ���� T �� ��gle ��ese�v��g ��d �f x � 0� ��e� L(x�Tx) � 8� 

I�10�* If T� Rm� Rn �s � l����� ����sfo�����o�� ��o� t��� ��e�e �s � 

��mb�� M suc� ���t ���h)� � M�h �  fo� h E Rm� Hint� Es��m��e 

� ��h� � �� �e��s of � h� ��� t�� e����es �� t�� ��t��x of T� 
�-�� �  If x�y ERn ��� z,w E Rm� ��o� t��t ��x�z)��y�w�� � �x�y� + �z�w� 

��d � ���z) � � v �xl 2 + �z � 2� �o�� ���t �x�z� ��d �y�w� de�o�e 
�o���s �� Rn�m� 

���2� � ��t �Rn� � d��ot� t�e du�� s��c� o� ��� v�c�o� ���c� Rn� If 
� E Rn� de��e (z E �Rn� � b� �z �y� � �x�y�� D���� �� Rn�� 
�Rn� � b� ��x� � (z� S�o� ���t T �s � 1��l��e�� t���sfo�m���o� 

��d co�clud� ���t �ve�� � E �Rn� � �s �� fo� � ������ x E Rn� 
��13� � If x�y E Rn� t��� x ��d � ��� c��l�d ������d�c�la� �o� ��th�g

�nal) �f �x�y� � 0. If x ��d y ��� ������d�cu���� ��o�e ���� 

lx + Y�2 � lx l 2 + �Y�2• 

SUBS�TS OF �U�L���AN SPA�� 

T�e c�osed ��te��a� [a,b� �as a �at��a� a�a�ogue �� �2• Th�s �s 
the �����d ������g�� [a,b] X [c,d] , de��ed as t�e co�lect�o� of 
a�� pa��s (��y) ��t� � E [a,b] a�d y E [c,d�� �o�e ge�e�a�ly, 
�f A C R� a�d B C R�, the� A X � C R��� �s de��ed as 
t�e set of a�� (��y) E R��� ��t� � E � a�d � E B. �� �a��
t�cu�a�, R��� � R� X R�. �� A C R�� B C R�, a�d C C 
R�� t�e� (A X B) X C � A X �B X C) , a�d bot� of t�ese 
a�e de�oted s��p�y A X B X C� t��s co��e�t�o� �s e�te�ded to 
the ��od�ct of a�y �u�be� of sets� The set [a��b 1] X � � � X 
[a� �b�] C R� �s ca��ed a �����d r��t��g�� �� R�, ����e t�e set 
(a1 � b1 ) � � � � X (a�,b�) C R� �s ca��ed a� o��� r��t��g��� 

�o�e ge�e�a��y a set U C R� �s ca��ed ���� ���gu�e �-1� 
�f �o� each � E U t�e�e �s a� ope� �ecta�g�e A s�c� t�at 
X E � c�� 

A subset C of R� �s �����d �f R� � C�s ope�� �o� e�a��
�le� �f C co�ta��s o�ly ���te�y �a�y po��ts� ��e� C �s c�osed. 



6 �a���l�� o� Ma����l�� 

FI G UR E  1�1 

�h� ��ad�� shoul� supp�� the p�oof that a ��osed �e�tan��e �n 
R � is indeed a �losed set� 

If � C R� and x � R�� �hen one of th�ee possi�i�ities must 
hold (Fi�u�e 1��� : 

1 �  �he�e is an op�n �e��an�le B su�h �ha� x � B C �� 
�. Th��e �� �n �p�n �e���n�l� B ���h th�t x � B C R� � �� 
3� �f B is an� open �e��an�le with x � B� �hen B �on�a�ns 

po�n�s of �oth � an� R� � �� 

� • 

� 

FI G UR� 1 �� 
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�hose po�nts sat�sf��n� ( 1 �  �onst�tute the ������o� of �� �hose 
sat�sf��n� ��� the �x����o� of A� and those sat�sf��n� (3� �he 
bo��d��y of A� ��o�lems 1�16 to ��18 show �hat these te�ms 
ma� somet�mes have une�pe��ed mean�n�s� 

I� �s �ot ha�d to see that the �nte��o� of an� set A �s open � 
and t�e same �s ��ue fo� �he e�te��o� of A� wh��h �s, �n fa�t� �he 
�nte��o� of �� � A� �hus (��o�lem ��1�� �he�� un�on �s open� 
and w�at �ema�ns, the ��u�da��, must �e �losed� 

� �olle���on � of open sets �s an o��� cov�� o� � (o�, ���e�� � 
cov��s �� �f eve�� po�n� x � � �s �n some open set �n �he 
collect�on �� Fo� e�ample, �f � �s the �olle�t�on of all open 
�nte�vals ��� � � �� fo� � � �� then � �s a �ove� of �� �lea�l� 
no �n�te num�e� of the open sets �n � w�ll �ove� � o�, fo� �h�t 
ma�te� , an� un�ounded su�se� of �. � s�m�la� s�tuat�on �an 
also oc�u� fo� �ounded sets� If � �s t�e �ol�e�t�on of all open 
���e�vals �1/�� 1 � 1/�� �o� all ���e�e�s � > 1� ��en � �s an 
�p�� ��v�� o� �0�1�� bu� a�a�� �o ����� co��ec��on o� se�s �� 
� ��ll �ove� (0, 1 � �  �lthou�h t��s phenomenon ma� not appea� 
pa�t��ula�l� s�andalous, sets fo� w���h th�s sta�e of a�a��s 
�annot o��u� a�e of su�h �mpo�tan�e �hat the� have �e�e�ved a 
spec�al des��nat�on � a set � �s �alled co���c� �f eve�� open 
�ove� � �onta�ns a �n�te su��olle�t�on of open sets wh��h 
also cove�s A� 

� set w��h onl� �n��e�� man� po���s �s o�v�ousl� �ompa�t 
a�d so �s ��e ���n��e se� A ���c� co����ns 0 ��d ��e �umbe�s 
��� fo� all �nte�e�s � (�eason � �f � �s a �ove�� then 0 � U fo� 
so�e open set U �n �� the�e a�e onl� �n�tel� man� othe� po�n�s 
of A not �n U� ea�h �equ���n� a� most one mo�e open set� � 

�e�o�n�z�n� �ompa�t sets �s ��eatl� s�mpl��ed �� the fol�ow�

�n� �esults , of wh��h onl� the ��st has an� depth (� �e� � uses an� 
fac�s a�out �he �eal num�e�s� �  

�-3 T�eore� �He��e�Bore��� T�� clos�d ����r��l [��b] �s 
comp��t� 

Proo�� If � �s an open �ove� of ���b�� let 

A �  {x� � � x � � and ����� �s �ove�ed �� some �n�te num�e� 
of open sets �n � } � 
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� 

�r ��� 

FI G UR E  ��� 

Note th�t a E A �n� th�t A �� ��e���� boun�e� �bove (b� �� � 
We wou�� ���e to �how th�t � E A� Th�� �� �one b� p�ov�ng 
two thing� �bout a �  �e��t uppe� boun� of A� n��e�y� (1� 
a E � �n� ��� � �  a� 

��n�e � �� � �ove�� a E U fo� �o�e U in �� Then ��� 
po�nt� �n �o�e inte�v�� to the �eft of a ��e ���o in U (�ee Figu�e 
��3� � ����e a i� the �e��t uppe� boun� o� A,  the�e �� �n x in 
th�� inte�v�� �u�h th�t x E A� Thu� �a�x� i� �ove�e� b� �o�e 
�n��e �umbe� of open �et� of �� wh��e [x,a] i� �ove�e� b� the 
�ing�e �et U� �en�e [�,a] �� �ove�e� by � �n�te nu�be� of open 
�e�� of �� �n� a E A� Th�� p�ove� (�� �  

To p�ove th�t ��� i� t�ue� �uppo�e in�te�� th�t a � �� 
Then the�e i� � po�nt x' between a �n� � �u�h th�t [a,x'] C U� 
��n�e a E A, the �nte�v�� �� ��� �� ��ve�e� b� �n��e�� m�n� 
open �et� o� �� whi�e �a,x'� �� ��ve�e� b� U� Hen�e x' E A,  

�on������t�ng the f��� th�t a �� �n uppe� bou�� �f A �  � 

�f B C Rm i� �o�p��t  �n� x E Rn � it i� e��� to �ee th�t 
� x }  � B C Rn+m �� �o�p��� � �oweve�, � �u�h �t�onge� 
���e�t�on ��n be ���e� 

��� The�rem� If B �� c�m�ac� a�� � i� a� ��e� c�ve� �f 
{ x � � B� �he� �he�e i� a� ��e� �e� U C R n c���a��i�� x �uc� 
�ha� � X B �� c��e�e� �y a ��i�e �um�e� �f �e�� �� �� 

�r���. ��n�e { x� � B �� ���p���� �e ��n ���u�e �t the 
ou��et �h�t � �� ����e� �n� �e n�e� �n�� ��� �he open �e� U 
�u�� th�t U � � �� �ove�e� b� �� 

�o� e��h y E B �he po��� ���y� �� �� �o�e open �et �in �� 
�in�e � i� open� we h�ve (x�y � E U y � Vy C � f�� ���e 
open �e���ng�e � Y � Vy. The �e�� Vy �ove� the �o�p��t �et 

B� �o � �n��e nu�b�� V y1, � � � , Vyk ���o ��ve� B� �et 
U �  � y� � • � · � U Yk� Then �� (���y'� E U � B� we h�ve 
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B 

X 

FIG � R E  ��� 

�' E �Y� ��� ���e � ������e ���)� �n� �e����n�y �' E Uyi· 
H�n�e (x'��'� E �y; � Vy�� wh��h �� ��nt��ne� �n ���e � 
�n �� I 

1-5 C�r����ry. If � C Rn a�d B C R� are c�m�ac�� �he� 
� � B C �n+� i� c�m�ac�� 

�r���. �� � �� �n �pen ��ve� �� � � B� then � ��ve�� { x }  � B 
f�� e��h x E �� �y �he��e� ��4 the�e �� �� �pen �et U � ��n
t��n�n� x �u�h th�t U � � B �� ��ve�e� by �n�te�y ��ny �et� 
�n �� ����e � �� ���p��t, � �n�te nu�be� U �� � � � � U �� of 
�he U � ���e� �� ��n�e �n�te�y ��ny �e�� �n � ��ve� e��h 
U �� � B� �n�te�y ��ny ��ve� �l� of � � B� I 

1-6 C�r����ry. � � � � � � � �� �� com�act �� each �� ��� 
I� �ar�ic�lar� a cl��ed rec�a�gle i� R� �� com�ac�� 



�� �a�c���� on Man�fo��� 

��� Corollary� � c��sed b�unded subse� �� �� �s c�mpac�� 
(Th� co������ �� a��o ���� (��ob��� 1�20��) 

Proof� If � C �� �� c�o��d a�d bo��d�d, �h�� � C B fo� 
�o�� c�o��d ��c�a�g�� B� If 0 �� a� op�� co��� of �, �h�� 0 

�og��h�� w��h R� � � �� a� op�� co��� of B� H��c� a ����� 
���b�� Ut, � � �  ,Un of ���� �� 0, �og��h�� w��h R� � � p���
hap�, co��� B� Th�� U 1, � � �  , U � co��� �. I 

P�������� 1- 14� � P�ove �h�� �he u��o� of ��� �eve� ������e) �umbe� 

of o�e� �e�s �s o�e� . P�ove �h�� �he ���e�sec��o� of ��o ���d he�ce 

of ����el� m���) o�e� se�s �s o�e�. G�ve � cou��e�ex�m�le fo� 
������el� m��� o�e� se�s. 

�-15� P�ove �h�� �x � an: �x - a� � � � �s o�e� �see �lso P�oblem ��27) .  

�- 16� ���d �he ���e��o�� ex�e��o�� ��d bou�d��� of �he se�s 

�x � an� lxl � �I 
�x � an� �x� � �I 
�x � an� e�ch x� �s ����o��l�. 

���7� �o�s��uc� � se� A C [�, �] X �0� �] such �h�� A co�����s �� mos� 
o�e �o��� o� e�ch ho��zo���l ��d e�ch ve���c�� ���e bu� bou�d��� 
A � [O��] X �O��]. H�nt� I� su�ces �o e�su�e �h�� A co�����s 

�o���s �� e�ch �u���e� of �he s�u��e ��,�J X �0�1] ��d ��so �� e�ch 

s�x�ee��h� e�c� 

1-�8� �f A � ��,1] �s �he u��o� of o�e� ���e�v��s (a����) such �h�� e�ch 

����o��l �um�e� �� �O,�) �s co�����ed �� some ������)�  sho� �h�� 

bou�d��� A � �O��J - A� 

��19� * If � �s � c�osed se� �h�� co�����s eve�� ����o��l �um�e� � � �O,��, 
sho� �h�� �O,�] � A� 

�-2�� P�ove �he co�ve�se of �o�o����� ��7� A com��c� subse� of an �s 

c�osed ��d bou�ded �see ��so P�ob�em ��28)� 
�-2�� * ��) If A �s c�osed ��d x � A� ��ove �h�� �he�e �s � �umbe� 

� > 0 such �h�� IY � �� > � fo� ��l y E A� 
��) If A �s c�o�ed� B �� com��c�� ��d A � B � �� ��ove �h�� 

�he�e �s � > 0 such �h�� jy � x� � � fo� ��� y E A ��d x � B� 

Hint� �o� e�ch � E B ��d �� o�e� se� U co�������� � such �h�� 

�h�s �e����o� ho�ds fo� x E U � B� 
�c) G�ve � cou��e�ex�m�le �� a� �f A ��d B ��e closed bu� 

�e��he� �s com��c�� 

1-22� * If U �s o�e� ��d � � U �s com��c�� sho� �h�� �he�e �s � com��c� 

se� D such �h�t � � ���e��o� D ��d D � U� 
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�UN� T�ONS �N� �ONT�NU�T� 

� f������� f�o� R� �o Rm ��o���i��� ca���d a ���c�or
�a���d) f��c�io� of n �a�iab���) is a ���� which a��ocia��� �o 
�ach �oi�� i� R� �o�� �oi�� i� Rm; �h� �oi�� a f��c�io� � 
a�socia��� �o x i� d��o��d ��x) . W� w�i�� �� R� �  Rm ���ad "� 
�a��s R� i��o Rm" o� "�, �a�i�g R� i��o Rm,� d����di�g o� co��
����) �o i�dicat� �hat ��x) E Rm is d����d fo� x E R�� Th� 
�o�a�io� �: � �  Rm i�dica��� �ha� ��x) i� d����d o��y �o� x i� 
�h� ��� �, which i� ca���d �h� dom��� of �. �f B C �, w� 
d���� ��B) as �h� s�� o� a�� � (�� fo� � E B, a�d �f C C Rm w� 
d���� ����C) � { x  E �: ��x) E C�� Th� �ota�io� �: �� B 
i�dica��� ��a� ���) C B. 

� co����i��� ���������a�io� of a f��c�io� �: R2 � R �ay 
b� ob�ai��d by d�awi�g a �ict��� o� i�� g�a�h, th� ��t of a�� 
3������� of �h� for� �x,����x,�)) ,  which �� act�a��y a �g��� i� 
��s�ac� ����, �.g. � �ig���� 2�1 a�d 2�2 o� �ha�t�� 2)� 

�f �,� : R� �  R, �h� f��c�io�s � + g� � � �� � � g� a�d f/g ar� 
�����d p��ci���y as i� �h� o����ariab�� cas�� �f �� � � Rm 
a�d g: B � RP, wh��� B C Rm, �h�� �h� �om�os���o� 

�� � is d����d by �� ��x) � g (� (���; �h� do�ai� of �� � i� 
� r ��(B) . �� �� � �  Rm is ���� �ha� is, if �(x) r �(�) 
wh�� � r �, w� d���� � � : ���) �  R� by �h� ����ir����� �ha� 
����) is �h� ��i��� � E � wi�h ��x) � �. 

� f��c�io� �: �� Rm d�����i��s m �om�one�� f�����o�s 

��, . . .  ,J� : �� R �y ��x) � ��� �x) , . . �  �J��x) ) .  �f co��
��r���y, m f��ctio�� ��, � � � �gm: � � R a�� gi��� , th��� 
is a ��i��� ���c�io� �: � �  Rm ��ch �ha� �� � gi� �a���y 
��x) � (g� (�� � ��� �g� (�� �� Thi� ���c�io� � wi�� �� d��o��d 
(g � � . . .  ,��) , so �ha� w� a�way� ha�� � � ���� . . .  ��)� 
��  � :  R� �  R� is �h� id���i�y f��c�io� , ��x) � x, �h�� ��(x) � 
x�� �h� f��c�io� �� i� ca���d �h� ��h �r�je����� fu����o�� 

Th� �o�a�io� �i� ��x) � � ��a�s� as i� �h� o����a�ia��� cas�, 
��� 

�h�� w� ca� g�� ��x) as c�os� �o � as d�si��d, by choosi�g x s�f�
�ci����y c�o�� �o, ��� �o� ���a� �o, �� �� �a�h��a�ica� ����s 
�his ��a�s �ha� fo� ����y ���b�r € > 0 �h��� is a ���b�� 
� > 0 s��� ��a� ����� � b� < � �o� a�� � �� ��� �o�a�� of ��h�ch 



�2  �a�cu�u� on Man�fo��� 

sat�sfy 0 < �x - �� < �� A fun���on f� � �� Rm �s �����d �o��

�i��o�s �t � E � �f l�� f(x) = ���) � and � �s s����y ����ed �on�
� � 

t�nuous �� �� �s �o�t�nuo�s a� �a�� � E �� On� of ��� p��asant 
��������� a���� �h� ������� �f ���������� �� �ha� �� �a� �� 
������ ���h��� ����g ������� I� f������ f��� �h� ��x� �h����� 
�ha� �� R��� Rm �� ���������� �f a�� ���� �f ���U� �� ���� 
�h���v�� U � Rm �� ����; �f �h� d��a�� �f � �� ��� a� �f R� � a 
sl�ghtly �ore co�p��cated cond�t�o� �s needed. 

��8 Theorem� If � C R�, � f�ncti�n f� � �� Rm i� c�ntin�
���� if �nd �nly if f�r �v�ry �p�n ��t U C Rm th�r� i� ��me �pen 
��t V C R� ���h th�t ��(U) = V r �� 

Proof� Suppose f �s cont�nuous. If � E ��( U) ,  th�n 
f(�) E U. S�nce U �s open, there �s an ope� rectangle B ��th 
j(�) E B C U. S�nce f �s cont�nu�us at �� �e can �nsur� 
that f(x) E B, pro��ded �e �hoos� x �n so�� su�c�en��y 
s�al� rectang�e C conta�n�ng �� Do th�s for each � E ��(U) 
and �et V be the un��n of all such C� �lear�y � � ( U) = 

V r �� The con�erse �s s���lar and �s �eft t� the read�r� I 

The fo��o��ng consequ�n�� �f The�re� 1�8 �s �f �reat 
��portance. 

��9 �heore�� �� �� ��� Rm �s ���t��u�us� where � C R� � 
��d � �s ��m���t� th� ���) C Rm �s ��m���t� 

Proof� Let 0 be an open co�er of f(A ) �  For each �pen set 
U �n 0 there �s an open set Vu such that �� ( U) = Vu r �� 
The co���ct�on of al� V u �s an open co�er of A . S�nce A �s 
co�pact , a �n�te nu�ber Vu�� � � �  �Vu� co�er �. Th�n 
U� � . . � , U� co�er f(A ) �  I 

If f� � �� R �s �ounded, th� e�tent �� �h��h f fa��s �� b� 
cont�nuous at � E A can be �easured �n a pr���s� �a�� ��� 
� > 0 �et 

M(���� �) = sup �f(x) � x E � and �x - � � < �}� 
m(���� �) = �nf � f(x) � x E � and �x - �� < �}� 



Funct�on� on Euc���ean Space 1� 

The �s�����t�on �(f��) of f at � is de�ned by �(f��) �
����M(��f� �) � m(��j� �) ] �  This ��mit a��ays e��sts, since &� 
M(��f� �) � m(a�f� �) decreases as � decreases� There are t�o 
important facts about � (f��) � 

���� Theorem� Th� b��nd�d f�n�ti�n f i� c�ntin���� �t � if 
�nd �nly if �(f��) = 0� 

Proof� Let f be continuous at �� For e�ery number � > 0 
�e can choose a number � > 0 so that � f(x) � f(�) � < � for 
al� x E � �ith �� � � � < �; thus M(���� �) � m(��f� �) < 2e� 
Since this is true for e�ery �, �e ha�e � (f��) = 0� The con�
�erse is simi�ar and is �eft to the reader� I 

���� Theorem� L�� � C R� b� �l���d� �f f� �� R i� �ny 
b��nd�d f�n�ti�n� �nd � > 0� th�n � x E �� �(f� x) > � �  i� 
�l���d� 

Proof� Let B = � x E �� �(f� x) > � �� We �ish to sho� 
that R� � B is open� If x E R� � B, then either x � � 
or e�se x E � and � (f� x) < �. In the �rst case, since � is 
closed , there �s an �pen rectang�e C contai��ng x s��h �hat 
C C R� - � C R� � B� In the sec�nd case there is a 
� > 0 such that M(x�f� �) � m(x�f� �) < �� Le� C �e an open 
rectangle contai�ing x such that � x � �� < � for a�� y E C. 
Then if y E C there is a �1 such that �x � � � < � for a�� � 
sa��s�y�n� �� � Y� < �� � Th�� ���,�, ��� � ��y, �� ��� < �� and 
�����q������ ��y��� < �� Th���f��� � C �� � B� I 

��������� ����� If j: A_� �� a�d � E A, ��o� t�at l�� f(x) � � 
� ��d o�ly � l�� ����� � �� for � � 1� � � � ��� ��� 

�� � 
�-24� P�o�e �ha� �� A _ a� �s co����uous a� a �� a�d o�ly �� each � �s. 

�-25� P�o�e �ha� a l��ea� ��a�s�o�ma��o� T� an_ a� �s co����uou�� 
H�nt� �se P�oblem 1�1��  

�-26� Le� A � { (x�y) � a�� x > � a�d 0 � y � ���� 

(a) ��o� ��a� e�e�y s��a�gh� l��e ���oug� (���) co��a��� a� 

���e��a� a�ou�d ���0) �h�c� �s �� a� � A� 
�b) De��e �� R� _ a by �(�) � 0 �� � � A a�d ���) � 1 �� 

� EA� For h E R� de��e g�� R _� � by g�(�) � f(�h)� S�ow 

t�at eac� g� � co�t�nuous at �, but f � �ot co�t�nuous at (�,�)� 



�� ��l��l�� on �ani�ol�s 

1�2�� ��ove ��at {� E a�: !x �a! < �� �s o�e� by co�s�de���� �he 
�u�c��o� f: an�� a ���h f(x) � �x � a\� 

� �28� I� A C a� �s �o� closed� sho� ��a� �he�e �s a co����uous �u�c��o� 
f� A� a �h�ch �s u�bou�ded� H�nt� I� � E an � A bu� 

x � ���e��o� �an � A) , le� f(y) � ��\y � x\� 
��29� I� A �s com�ac�� ��o�e �ha� e�e�y co����uous �u�c��o� ��� ��� a 

�a�es o� a max�mum a�d a m���mum �alue. 
���0� Le� f: [a,b]�� a be a� ��c�eas��g �u�c��o� � I� ��, � �� �x� E 

����� a�e disti��t, s��w t�at �;��o������ � ���� � ����� 



2 

Di�erentiation 

B� S�� ��F���T�O�S 

�e�all that � �u��tio� f� R �  R is d���eren�ia�le at a E � �� 
the�e is a num�er f� (a) su�h ��a� 

��� lim 
f(a �h) - ��a) � ������ 

h��0 h 

Thi� e�uat�o� �er�a���y ���es �o se�s� �� �h� g����a� c�se o� a 
func�io� f: R� �  �m� but c�� be �e�ormul��e� i� a �ay tha� 
d�es� If �� � �  � �s �he l��ear tra�sf�rmat�o� ����ed by 
�(h� � .f'(a) � h� �he� e�uat��� �� �  �s ������le�t �� 

�2) lim �(a � h) - f(a� - ��h) � �� 
���0 h 

��u�tion (2� is o�ten interprete� a� �aying tha� � � j�a� i �  a 
�ood appro��m�t�o� to f�� a (se� �rob�em 2�9)� He��e�o�t� 
�e focus our atte�tio� o� th� l��ea� ����s�or��t�o� � a�d 
re�ormula�e the de�����o� of d���e�e�t��bi���y as �ollo�s� 

�5 



�� Ca�c���� on �anifol�� 

A fun�t�on f� ��� R �s d��erent�able at � E � �f there �s a 
��n�ar transfor�at�on �� R�� R such that 

��� 
f(� � h) - f(�) - �(h) � O� 

��0 h 

In th�s for� the d��n�t�on has a s��p�e general�zat�o� to 
h��her d��ens�ons � 

A funct�on f� ���� Rm �s d���r�����b�� at � E R� �f there 
�s a ��near trans�or�at�on �� R��� Rm such that 

��� 
�f( � � h) � f(�) � �(h) I � O� 

��0 �h� 

Note that h �s a po�nt o� �� and f(� �h) � f(�) � �(h) a 
���nt of �m, so the nor� s�gns are essent�a�� The ��near trans�
f���at�on � �s denoted Df(�) and called th� d�r�v���v� of f at 
�. Th� �ust��cat�on for the phrase �th� l�near trans�or�at�on 
�� �s 

2�� Theorem� �f j: ���� �� �� d���r�nt��bl� �t � E R � 
th�r� is � un��u� lin��r �r�nsf�r��t�n �� R��� �m ���h �h�� 

l�� 
\f(� �h) - f(�) - �(h) \ � O� 

h�0 \h� 

Proof� Suppose J� ���� Rm sat�s�es 

l�� 
�f( � � h) - f(�) - J(h) � � O� 

h�0 �h� 

If d(h) � f(� � h)  - f(�) � then 

��� 
��(h) - ��h) � � ��� 

��(h) � d��) � d�h) - J( �� � 
��0 �h� h�0 �h� 

� l�� 
��(h) d(h) � 

+��� 
�d(h� 

�
�

�
��h) � 

� h�o �h ��o h 
� 0� 

If x E R�, then tx�� 0 as t�� 0� He�ce for x ¢ 0 �e �a�e 

0 � ��� 
��(t�) � J(��) � � ���x� � J(x� �� 

��� �t�� �x� 

Therefore ��x� � J(x� � I 
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We sha�l later discover a s�mple way o� ��nd�ng Df(�). For 
the �o�e�t let us �ons�der the �u�ct�o� f� R� �  R de�ned by 

f(x,�) � s�� x� Then Df(�,�) � A sat�s�es A(x,�) � (cos �) � x� 
To prove th�s� �ote that 

�� \f(� + h� � + �� - f(�,�) � �(h��� � 1� 
�h�����0 � (h���� 

� �s���� + h� - si� � - ��os �) � h� 
� ������ � �h��) � 

S��ce s��'(�) � cos �, we have 

�� \s��(� + h) � s�n � � (cos �) · h\ 
�� �h� 

� �� 

���ce � �h ���� > �h�� �t �s also true that 

�� �s��(� + h� - s�n � - (cos �) � h\ �� � 0� 
h��0 � (h��� � 

I� �s o�ten con�en�ent to �onsider the �atr�� o� �f(�)� 
R� �  Rm w�th respe�t to the usual bases o� R� and Rm� 
Th�s m � n �atr�� �s called the J��ob��� m��r�x o�f at �, 
and de�otedf'(�)� ��j(x,�) � s�n x,the�f'(�,�) � (cos �,O)� 
��f� R �  R, the� f'(�) �s a 1 � 1 �atr�� whos� s�ngle e�try 
�s the nu�ber wh��h �s de�oted f'(�) �� e�e�entary ca��u��s� 

Th� de�n�t�o� o� Df(�) could be �ade ��f were de�ned on�y 
�n so�e open set conta���ng �� Cons�der�ng o��y �unct�ons 
de�ned on R� strea���nes the state�en� o� theore�s and 
produ�es no rea� �oss o� general�ty� �t �s conve��e�� to de�ne 
a f������� �� �� �  �m �� �� d��������a��� �� � �f � �� ������
e���a��e a� � f�� ea�� � E ��  If �� � �  �m� ��e� � �� �a��ed 

d��������a��e �f � �a� �� �x����e� �� a d��������a��e f������� 
�� ���e ���� ��� ����a����g �� 

P�������� 2- � �  * ��o�e �ha� �� f� ���� �m �s d��e�e���ab�e a� 

a E ��, �he� i� �s co��inuous a� a� ��nt: �se P�ob�em 1�1�� 

2-2� A �u�c��o� f: �2�� � �s ��d����d��t �f th� s�c��d va��ab�� �� 

�o� each x E � �e have f(x�y�) � j�x�y2) �o� a�l Y��Y2 E �� �ho� 

�ha� f �s ��de�e�de�� o� �he seco�d �a��ab�e �� a�d o�ly �� ��e�e �s a 

�u�c��o� g: ��� � such �ha� f(x��) � g(x) � Wha� �s f'(a�b) �� 

�e�ms o� g'? 



1� Calcu�us on Manifo�d� 

2-�� De��e �he� a �u�c��o� f: R � �� R �s ��de�e�de�� o� �he ��s� �a��a�
b�e a�d ���/'(a,b) �o� such f. Wh�c� �u�c��o�s a�e ��de�e�de�� o� 

�he ��s� �a��able a�d also o� �he seco�d �a��able� 

���� ��� g be a co�����o�� �eal�va�ue� �u�c��o� o� ��e un�� c����e 

{x E R � � lxl � �} �uc� tha� g(O,l) � g�l,O� � 0 a�d g� -x) � 
� g�x) �  �e��� f: R � �� R by 

X �  0� 

X �  0� 

(a� �� x E R �  a�d h :  R �� R i �e���� by h�t) = f�tx), ��o� ���� 

h �� d��e�e���a��e� 
(b) �ho� �ha� f �s �o� d��e�e���able a� (���) u��ess g � �� 

����� F��s� sho� �ha� Dj(O,O) �ould ha�e �o be � by co�s�de���� 

(h��) ���h � = � a�d �he� ���h h � �. 

2-5� �e� f� � � �� R be de��ed by 

x�Y� 
f�x�y) � � x �  + y �  

0 

�x�y) � �� 

�x��) = �� 

�ho� �ha� f �s a �u�c��o� o� �he k��d co�s�de�ed �� P�ob�em 2�4� 
so �ha� f �s �o� d��e�e���able a� ��,�) . 

2�6. �e� f� � � �� � be de��ed by f����) � v�xy�� ��o� �ha� f �s �o� 

d��e�e���able a� (���) � 
2�7� �e� j �  �� �� � be a �u�c��o� such �ha� if�x)� < �xl2• ��o� �ha� 

f �s d��e�e���able a� 0� 
2�8� �e� f� R �� R � • P�o�e �ha� f �s d��e�e���able a� a E R �� a�d o��y 

�� j� a�d f2 a�e� a�d �ha� �� �h�s case 

�'(a) � �(j�)'(a)�· 
(j2)'(a) 

2�9. T�o �u�c��o�s /�g: R �� R a�e �qua� u� t� �th ��d�� a� a �� 

��m 
j(� 

+h) � g(a +h) = �. h�0 h� 

(a) �ho� �ha� f �s d��e�e���able a� a �� a�d o��y �� �he�e �s a 

�u�c��o� g o� �he �o�m g�x) � a� + a� �x � a) such �ha� f a�d g a�� 

equal u� �o ��s� o�de� a� a� 
(b) I� f'(a)� ,j<�>(�) e��s�� sho� �ha� f and ��e �u�c��on g 

de��ed by 

jW �a) � 
g�x) � i� �x - a)� 

��O 



�i�erenti�ti�n 1� 

a�e equal u� �o ��h o�de� a� �� �int� �he l�m�� 

��1 

� ���� ��) � �(x) � �� (x � �)� �� ��O 
��a (x � �)� 

may be e�alua�ed by ���os���al�s �ule� 

BAS�� T��OR��S 

2�2 Theorem �Chain Rule�� Iff �  a�� am is di�erenti
�ble �t �� �nd g � am� ap is di�erenti�ble �t f(�) �  then the 
�omposition g � f �  a�� ap is di�erenti�ble �t �� �nd 

D(g � f) (�) � Dg(f(�) )  � Df(�) .  

�em�rk. This �qua�ion can b� wri���n 

�g� f) � ��) � g� �!��� �  � f� (�) �  
�� m � n � p � �, w� ob�ain �h� o�d chain ru��� 

Proof� L�� b � f� �) � ��� � � Df(�) � and ��� J � Dg(f(�) ). 
�� w� d��n� 

�h�n 

(�� �(x) � f(x) - f��) - �(x - �) � 
(2� 1(y) � g(y) � g(b) - J(Y - b) � 
�3) ��x) � g� f(x) - g� f(�) - J � �(x  � �) � 

�4� �i� ! ��x) � � 0� ��a l x - � ! 
�5) �i� �1��� � � 0� y�� IY - b � 

and w� �us� show �ha� 

�ow 

�i� ��(x) � � 0� x�a � x � � � 

��x) � g(f(x)) - g(b) - J(�(x  - �) ) 
� g�f(x) ) - g(b) � J��(x) - f��) - �(x)) by (�� 
� �g(f(x) )  � g(b) - J�f(x) � f(�) ) � + J(�(x) )  
� �(f(x) ) + J(�(x) )  by (2�� 



�� Calculu� �n �anif�l�� 

��us w� �us� ��o�� 

(�) l�� 
\¥(f(x) ) \  

= 0, 
� � \x - �\ 

�7) l�� 
��(�( x) ) � = 0. 

� � �x � �� 

Equa��on �7) �ollows �as�ly ��o� (4� and P�obl�� ���0. �� 
� > 0 �� �ollows ��o� �5) ��a� �o� so��� > 0 w� �a�� 

\¥(f(x) ) �  < �\f(x) - b �  �� �f(x) - b� < �� 

w��c� �s ��u� �� �x - �\ < ��, �o� a su��abl� ��· T��n 

� ¥(f(x) ) � < ��f(x) � b\ 
= �\�(x) + �(x  - �) � 
< ���(x) � + �M�x� �� 

�o� so�� M� by P�obl�� ���0� Equa��on (�) now �ollows 
�as�ly. I 

2-3 Theorem 
(�) If f �  a�� am is � �onst �nt fun�tion (th�t is� if for some 

y E am we h�ve f(x) = y for �ll X E a�), then 

Df(�) = 0. 

�2� Iff� a� � am is � line�r tr�nsform�tion� then 

Df(�) = f. 

(3) If f �  a�� ��� then f is di�erenti�ble �� � E a� if �nd 
only if e��h f is� �nd 

Df(�) = (Dj� (�) � . . .  �Df�(�) ) .  

Thus f� ( �) is the m  � n m�tri� whose i�� row is (�) ' (�) .  
(4� If s �  a� � a  is de�n�d by s (x�y) = x + y� th�n 

Ds(��b) = s. � 

�5) If p �  a� � a  is de�ned by p(x�y) = x � y� then 

Dp(��b) ( x�y) = bx + �y. 

Thus p� (��b) = (b� �) �  



D�����nt�at�on 

Proof 

� 1 )  ��� 
�f�� �h) - f(�) - �� 

� �i� � Y - y - �� = 0� 
h�o �h � h�o �h� 

�2) �i� 
� f( � � h) - f(�) - f�h) � 

h�o � h � 

�1 

1� �f( �) � f(h) - f(�) � f(h� � 0 � 
h� �h � 

� � 

�3) �� �ach f� is di��r�n�iab�� a� � and 

� � (Dj�( �) � . � � �D�(a)) � 
�h�n 

f(� � h) - f(�) - �(h) 
� (j� ( �  � h) - j�(�) - Dj�(�) (h) � . . .  � 

�(a + h) + �(a) � D�m(a) (h))� 
Th�r��or� 

1� � � h) - f(�) ��� 
h�o 

� 
� 1� ��( �� h) - f�( �) - Df�( �) (h) I �  0 
� h� �h� 

� . 
�-1 

��, on �h� o�h�r �and, f is di��r�n�iab�� a� �� �h�n f� � 
�� � f  is di��r�n�iab�� a� � by (2) and Th�or�� 2-2� 

(4� �o��o�s �ro� (2) . 
�5) L�� �(x�y) � bx � �y. Th�n 

1� �p (�  � h� b � k) - p(��b) - �(h�k) � 
�� 

I I �h����o (h�k) 

No� 

� �i� 
� hk � � 

�h����o � (h�k) I 

� hk � � � h �� 
-

H�nc� �hk � � �h � � + �k ��. 

i� � k �  � �h�� 
i� �h� � � k�. 

Th�r��or� 



�� 

so 

��� �hk � = 0� I ������� � �h�k) � 

�a�cu�u� �n �anif�l�� 

2-4 Coro��ary� If f�g� a�� a �re d��erent��ble �t �� then 

D(f � g) ( �) = Df(�) � Dg(�) �  
D(f · g) ( �) = g(�)Df��) � f(�)Dg(�) .  

If� moreover� g(�) � 0�  then 

D(f�g) ( �) = g(�)D���) - f(�)Dg(�) . 
�g( �) � 

Proof� We ���� �ro�e �he �rs� e�ua��on and �ea�e �he o�hers 
�o �he reader� S�nce f � g = 8 � (f�g) � �e ha�e 

D(f � g) (�) = D8(j(�) �g (�)) � D(f�g) ( �) 
= 8 � (Df(�) �Dg(�)) 
= Df��) + Dg(�) .  I 

We are no� a��ured o� �he d��eren���b����y o� �ho�e �unc��on� 
f: a�� am, �h��e co��onen� �unc��on� are ob�a�ned by 
add���on, �u������ca��on, d�����on, and co��o����on, �ro� �he 
�unc��on� �� (�h�ch are ��near �ran��or�a��on�� and �he �unc
��on� �h�ch �e �an a�ready d��eren��a�e by e�e�en�ary 
ca�cu�u�. F�nd�ng Df(�) or f� (�) � ho�e�er, �ay be a �a�r�y 
�or��dab�e �a�k� For e�a���e, �e� f� a� � a be de�ned by 
f(��y) = ���(�y2) .  S�nce f = ��n� (� � � ��2�2) �  �e ha�e 

f� (��b) = ���� ( �b2) � �b2(��) � ( ��b) � �(����2) � (��b) � 
= s�n� ( �b�) � �b2 (��)� ( ��b) � ��b(�2) � ( ��b) � 
= ( ���(�b�) )  � �b �( ��0) � ��b(O� �) �  
� ��� ���(�b2) � ��b ���(�b2) ) .  

For�una�e�y, �e ���� soon d��co�e� a �uch s��p�er �e�hod o� 
co�pu��ng f�. 

P�������� 2��0� �s� �h� �h�o��ms o� �h�s s�c��on �o �nd �� �o� �h� 

�ollo��n� : 



����r��t�atio� 

�a� f(x,y,z) � ��� 
��� f(x�y�z) � (x�,z). 
�c� f(x,y) � s�n �� s�n y)� 
�d� f(x,y,z) � s�n �� s�n�� ��n z))� 
��� f(x�y�z) � ���� 
��� f(x�y,z� � x���� 

��� f(x,y,z) � (x + y)�� 
�h) f(�,y) � s�n(xy)� 
��� f(�,y) � [s�n(xy)]0�� 3� 
��� f(x�y) � (s�n(xy), ��n(x s�n y), ��� � 

2��1.  ��nd f' �o� �h� �ollo��n� ��h��� g: R��� R �s con��nuous�� 

� f��y a� f(x,y) � � g� 

f��� ��� f(x,y) � � g� 

� � !� ) � �s�n�z s�n�y s�n ��� 
c x�y,z 

�� 
g. 

�� 

2��2. A �unc��on f: R� X Rm��� RP �s b�l���a� �� �o� x�x1,X2 E R�, 
y,yl�Y2 E Rm� and a E R �e ha�e 

f(ax,y) � af(�,y) � f(x,ay), 
f(xt + x2�y) � f(xt,y) + f(x2,y), 
f(x,yt + �2) � f(x,yt) � j(x,y2)� 

�a� ��o�� �ha� �� � �s ��l�n�a�� �h�n 

l�m � f(h,k) � � �� 
������� � Ch,k) � 

��� ��o�� �ha� D� (a�b) (x�y) � f(a�y) � ������� 
�c� �ho� �ha� �h� �o�mula �o� D�(a�b) �n �h�o�em ��� �s a 

spec�al cas� o� ���� 
2���. D��n� JP: Rn X Rn��� R b� IP(x,y) � �x,y�� 

�a� ��nd D(I�) (a�b) and ���� ' ����� �  

��� I� f,g: R��� Rn a�e d�����n��a�le and h: R��� R �s d��n�d �� 

h(t) � �f(�) ,g(t) �� sho� �ha� 

h�(a) � �� ' (a) T�g(a)� + �� (a) �g' (a) T�. 

��o�� �ha� �' ��� �s an � X 1 ma���x� ��s ��anspos���'��� �s a � X � 

�a����� �h�ch �e cons�de� as a mem�e� o� R��) 
�c� I� f: R��� Rn �s d��e��n��a�l� and � f(t) � � � �o� all �� sho� 

��a� ���(t)T� J(t)� � �� 

�d� E�h�b�� a d��e�en��able �unc��on f� R��� R such ��a� �h� 

�unc��on �!� de�n�d b� I!� (t) � � f(�) I �s no� d�����n��a�le. 

2� 14� L�� Ei, i � �� � . � ,k b� Eucl�d�an spac�s o� �a��ous d�m�ns�ons. 

A �unc��on f: Et X � � � X Ek��� RP �s call�d �ul��l���a� �� 

�o� �ach cho�c� o� X� E E�, � � � �he �unc��on g: E���� RP d��n�d b� 
g(x� � f(xt� ��� �X�-t,X�x�+�, ��� �x�) �� a l�n�a� ��ans�o�ma��on . 



�4 Calculu� on Man�fold� 

�a� I�� �s �ul��l��ea� a�d � � �� s�o� ��a� �o� h = �h�, ��� ,h�)� 
w��� h� � E�, �e �a�e 

� � f� at, ��� ,h�, ��� ,h�, ��� ,a�> � 
��O \h\ 

= �. 

H�n�� I� g��,y) = ��at� � . �  ��� � � �  ��� � . .  �a�)� ��e� g �s 
b�l��ea�� 

�b� ��ove ��a� 

� 
�f�a�� ��� ,a�) �xt, ��� ,x�) = � f�at, �� � ,a��t,X�,a�+�, ��� ,a�)� 

�=l 

2-�5� �e�a�d a� n X n �a���� as a po��� �� ��e �-�old p�oduc� R� X 
� · X R� b� co�s�de���� eac� �o� as a �e�be� o� R�� 

(a� ��ove ��a� de� : R � X � � � X R� ��� R �� d��e�e���able a�d 

� 

_�(de�� �at, ��� ,a�)�xt, ��� ,x�) = � de� � �' 
�=� 

(b� I� a��: R ��� R a�e d��e�e���able a�d �(�� = de� (���(�� � � s�o� 

��a� 

� 

f���� � r de� 

�=� 

a����, 

a� � ���� 

(c) I� de��a�j��� ) � � �o� all � a�d bt, ��� ��� � R ��� R a�e ���

�e�e���able� le� ��� � � �  ��� � R ��� R be ��e �u�c��o�s suc� ��a� 
�� (�) , � � . ,�� ��� a�e ��e solu��o�s o� ��e equa��o�s 

� � a��� �)����� = ����) 
��� 

� � 1� � � �  ��� 

��o� ��a� �� �s d��e�e���able a�d ��d �����. 



����r��t�a��o� �5 
2��6� �uppose �� R� ��� R� �s d��e�e���able a�d �as � d��e�e���a�le 

��ve�se ���� R� ��� R�� ��o� ��a� �������a� � [��������a� � ]��� 
H��t� � � ����x� � x� 

PAR T�AL ��R�VA T�V�S 

�e beg�n the attac� on the �roble� o� �nd�ng der��at��es 
"one �ar�able at a t��e�� �� j� a�� a a�d � E a�, the l���t 

1� f(��� . . � � �� � h� � � . � ��) � f(�� � . . .  � ��) 
�� � 

��� h 

�� �t e��sts, �s de�oted D�(�) � and called the �th ��r�i�l d�riv�

�iv� o� f at �. �t �s ���ortant to note that D�(�) �s the ord�
nary de���at��e o� a certa�n �unct�on; �n �act, �� g(x) � 
f(��� . . .  � x� . . �  � ��) � then D�(�) � g� (��) �  �h�s �eans 
that D�(�) �s the slo�e o� the ta�gent l�ne at ( ��j( �) ) to the 
cur�e obta�ned by �ntersect�ng the gra�h o� f w�th the �lane 
x� � ��� j � � (F�gure 2��). �t also �eans that co��utat�on o� 
D���) �� a �roble� we can already sol�e� �� f(x� . � . �x�) �s 

F�G UR� ��1 



�6 �a������ �� Ma������� 

g�ve� b� some �ormula �nvo�v�ng �� � . • �  �x� � ��en �e �n� 
��(� � � . . .  �x�) b� ���e�e���a��ng �he fun���on �hose va�ue 
a� x� �s g�ven b� �he fo��ula �hen all x�� fo� j � i� are 
�hough� o� as �ons�an�s. For e�a�p�e� �f �(x��) �  s�n (x��) �  
��en D��(x��) �  �� �os(x��) an� D�(x��) �  2�� �os (x��) �  �f� 
�ns�ea� � �(x��) �  xY� �hen D �(x��) �  ��y

� � an� D�(x��) �  

xY log �� 
W��h a l����e p�a����e (e�g. � �he ��oblems a� �he en� of �h�s 

se���on) �ou shou�� a�qu��e as g�ea� a fa��l��� �o� �om�u��ng 
�� as �ou al�ea�� have fo� �o�pu��ng o���na�� �e��va��ves� 

�f ����) e����� fo� all � E ��� �e ob�a�n a fun���on ��� 
�� � �. T�e j�h �a���al �e��va��ve of �h�� fun���o� a� �� �ha� 
��, Dj(D�� (�) � �� of�en �eno�e� D����(x) . No�e �ha� ���� �o�a�
��on �eve��es �he o��e� o� � an� j. �� a �a��e� o� �a��� �he 
or�er �� u�uall� ��relevan�� ��n�e �o�� fun���on� (an e��e���on �� 
g�ve� �n �he ��oble��) �a����� D��� �  D���� The�e a�e va��ou� 
�el��a�e �heo�e�s ensu��ng �h�s equa���� � ��e fol�o��ng �heorem 
�s �u��e a�equa�e. We s�a�e �� �e�e bu� �os�pone �he p�oof 
un��l la�e� (P�oble� 3�28� � 

2�� The�rem. �� D���� �n� ���� �re c�n�inu�u� �� �n 
�pen �e� c�n��inin� �� ��e� 

T�e fun���o� D���� �s �a��e� a s�co�d�o�d�� (��x�d) 

������l d���v���v� o� � H�g�e��o��e� (m��e�) pa���a� 
�e��va��ves a�e �e��e� �n �he obv�ou� �a�. �learl� Theorem 
2�5 �an be use� �o ��ove �he equa���� of ��ghe��o��er ���e� 
par��a� �e��va��ves u��e� app�opr�a�e �o�����ons. The o��er 
of i� � � . .  ��� �s �omp�e�e�� �mma�e��a� �n D�� � . � �  � ��� 
�f� �as co����uous par��al ��r�va��ves of a�l or�er�. A fu�c��o� 
���� ���s proper�� �s calle� a C� fu�c��o�� �� �a�er c�ap�ers 

�� ��l� fre�ue���� be co�ve��e�� �o res�r�c� our a��e���o� �o C« 
fun���o�s. 

Par��al �e��va��ves ��ll be use� �� �he ne�� se���on �o ��� 
�er�va��ves. The� a�so �ave a�o�her �mpor�an� use��n��ng 
�a��ma an� m�n�ma of fun���o�s. 
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2�6 Theorem. Let � � ��. �� �he m���mum (�� m���
m�m) �� �� � �  R occurs �� � p���� � �� �h� ���e��or �� � ��� 
��(�) e��s�s� �he� ��(�) = 0� 

P��of� ��� Oi�x� = f(al, � � �  ��� � � �  ,an) . �l�arly O� 
ha� a �a���u� (o� ��n��u�) a� ��� and O� �s d��ne� �n an 
o�en �n��rva� �on�a�ning ��� Hen�e 0 = �/(��) = ��(�) � � 

��e reader �� r��inded �ha� �he �onverse of Theore� ��6 
i� �a�se ev�n �� � = 1 �if �� R �  R �� �e�n�� by �(�) = �3�  
��en f' �0� = 0� bu� 0 i� no� even a lo�a� �a�i�u� o� �ini�
�u�� � �� � > � �  �he �onve��e of Theo�e� 2�6 �a� fail 
�o be ��ue �� a �a�h�� �pe��a�ula� w��� �up�o�e� fo� e����
pl�� �ha� �� R2 �  R �� de�ne� b� �(��y� = �2 � y2 (�igu�e 
2�2) �  Then � �(O�O) = 0 be�au�e � � ha� a ��ni�u� a� 0�  
w��le ��(O�O) = 0 be�au�e � �  ha� a �a���u� a� 0 �  ��ea�l� 
�0�0� �� ne���er a �ela�ive �a���u� no� a �e�a��v� �ini�u�� 

z 

I 
� 
� 
� 
� 
� � I 

' � �! �� 
� 

- � �
� 
I 

F� G �� E  ��� 

y 



�� Cal��l�� � �an��ol�� 

�� ������� ��6 �s �s�d �� �n� �h� �a����� �r ��n��u� �� 
� �� � ,  t�� ��lu�s �f � �t ��undary p��nts �ust �� ��a��n�d 
������t��y�� f����da�l� tas�, s�nc� t�� ��unda�y �f � �ay 
� ��l �� � !  �ro�l�� 2-27 �nd�cat�s �n� way �f d��n� this , 
�nd �r��l�� 5-1� stat�s � sup�r��r ��th�d wh�ch can ��t�n 
� �s�d� 

�� ��� � ·�1�� F��d ��e p������ de��va���e� o� ��e �o�lo���� 
fune�io�s : 

��� �y�z� �  �� 
��� f(x,y�z) �  �� 
{c� �{��y) �  ·��n �� :in g�. 

��} �'���y�z� �  s�{x .��� �1 �� z� � .  

��� ������z� � �� 
�� /�����z� �  ���� 
�� ������� �  �� � ���� 
��� /����� �  s������ � 

��� f���y� �  ����%�� � � 
���� F d ��� ���� ��������� �� ��e ��������� �u������� (��e�e 

�� � �  � � ��������� � 
��� f���y� �  ��� �� 
�b� ������ �  ��� 
��� ������ �  J� �� 

������ 
�d� ���,y� �  5 �� 

2� 1�� �� �(���� �  ����� + (�o� �� (a�c�a� (a�c�a� (a�c�a� (��� (co� ��� �
l�� (� � �� ����  ��d �2j(l,�� � Hi�t� T�e�e �� a� ea�y �ay �o 

do ����� 

2�20� F��d ��e pa����l de���a��ves o�� �� �e��� o� ��e de���a���e� o� � a�d 

� �� 

(a� �(���� �  �(���(�� � 

(b� �(���� �  �(�) ����� 

(c� �(���� �  �(�� � 

(d� �(�,�� �  �(�) �  

(e� �(���� �  �(� + ��� 
2�2 1 �  � Le� g���2� R2 - R be co����uo�s� De��e � �  R2 - R by 

X y 
� (�,�� �  � ���t�O)�t + � �2(x,t)dt. 

� � 
(a� ��o� ��a� D2j(x�y) �  �2�x�y) . 
(b� Ho� s�ould � be de��ed so ��a� D���x�y) �  � �(x�y) ? 
(c) F��d a �u�c��o� �� R2 - R suc� ��a� ���(���) �  � a�d 

���(���) �  �� ���d o�e s�c� ��a� �������� = � a�d ���(���� � �� 
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2-22. * If f: R2 - R a�d D2! = �� �how �ha� f �� ��d�p��d��� o� �h� 

���o�d �a��abl�. If Dtf = D2! = �� �how �ha� f �� �o���a��� 
�-2��� L� A = { (���) E R2 : � < 0� o� � > 0 ��d � ' 0 } �  

(a) If f: A - R a�d Dtf = D2! = �� �how �ha� f �� �o���a��� 

Hi�t� �o�� �ha� a�y �wo po���� �� A �a� b� �o������d by a 

��qu���� of l���� �a�h pa�a���l �o o�� o� �h� ax��. 

(b) F��d a �u����o� f� A � R �u�h �ha� D2! = � bu� f �� �o� 

��d�p��d��� o� �h� ���o�d �a��abl�. 

2-24. D���� f� R2 - R by 

�(��y) 
(��y) ' �� 

(��y) = �. 

(a) �how �h�� D2j(��O) = � fo� all � a�d DIJ(O�y) �

all y� 
(b) �how �ha� Duf(O�O) � D2� 1f(O�O) �  

2-25. * D���� j� R � R �� 

f(�) = � ��z�t � � �� � =  �� 

-y �o� 

�how �ha� f �� a �� fu����o�� a�d j�� (�) = � �o� all �� Hi�t � 
����• � /h 

Th� l���� J' �O) = l�� = l�� ��• �a� b� ��alua��d by 
��0 h ��0 � 

L�Ho�p��al �� �ul�� I� �� �a�y ��ough �o ��d f' (�) �o� � ' �� a�d 

�"( O) = ��� f�� h) /h �a� �h�� �� �ou�d by �� Ho�p���l�� �ul�� ��0 
2-26. * L�� 

� e�C���� �•���C���� �� 
f(�) = � � E ( � � � � ) �  

� � ( � � � � ) .  

(a) �how �ha� j� R � R �� a �� fu����o� wh��h �� po������ o� 

( � � � � )  a�d � �l��wh���. 

(b) �how �ha� �h��� �� a �� fu����o� g :  R � [�� � �  �u�h �ha� 

g(�) = � fo� � < � a�d g(x) = � fo� � > e� Hi�t� If f �� a �� 
fu����o� wh��h �� po������ o� �O� e) a�d � �l��w����� l�� g(�) = 
�� �� �� f. 

�� ) If a E Rn� d���� ��  Rn � R by 

�(�) = �( [�� - a� � /e) � � � � � J([�n � an] /e) � 

�how �ha� g �� a �� fu����o� wh��h �� po������ o� 

(a� � e� a� + e) X � � � X (an � e� a� + e) 

a�d z��o �l��wh���� 

(d) �� A C Rn �� op�� a�d � C A �� �o�pa��� �how �ha� �h��� �� 
� �o����ga���� �� �u����o� �: A - R �u�h �ha� j(�) > � �o� � E � 
a�d f = � ou���d� of �o�� �lo��d ��� �o��a���d �� A� 

(�) �how �ha� w� �a� �hoo�� �u�h a� f �o �ha� f� A� [�� �� a�d 

f�x) = � fo� � E �. Hi�t� If �h� �u����o� f of (d) �a������ 

f(�) > e �o� � E �� �o�s�d�� g o  f� wh��� g �� �h� fu����o� of (b) �  
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2-2�� ����� g, h �  {� E R2 � � x �  < � �  � R3 by 

g(x,y) � (x,y, � � - x2 � y2) ,  
h (x,y) � (x,y, - � � - x2 � y2) �  

���w ��a� ��� �ax��u� �� � �� {x  � R��  �x �  � � �  �� ���h�� �he 

ma���u� �� � � g �� �h� ma���u� �f � � h �� � x  E R2 : �x� < � � � 

��R�VA T�V�S 

��� ��ad�� w�� �a� c���ar�d �r�b���� 2��0 and 2�� 7 �a� 
���bab�y a�r�ady ������d t�� f�ll�w�n�� 

2�7 Theorem� If f �  R� � Rm is di�erenti�b�e �t �� then 
�����) exists for � < i < m� � < j < n �nd f'��) is the m X n 
m�trix �D�f�(�) ) .  

Proof� S������ ���t t�at m � � �  �� that �� R� � R� D��n� 
h �  R � R� by h�x) � ( ��� . . �  � x� � . �  � ��) �  w�t� x �n t�� 
� t� plac�� ���n D�f(�) � (f � h) ' (��) .  H�nc�� by ����r�� 
2�2 � 

(f � h) '���) � f'��) � h'���) 
0 

� f� ��) · � � jt� �lac�� 

S�nc� (f � h) ' (��) �a� th� ��n��� �ntry D�(�) � th�� �h�w� that 
D�f(�) ����t� and �� th� jt� �ntry �f th� � X n �atr�� f' (�) .  

��� t���r�� n�w ���l�w� ��r arb�trary m �ince� by ����r�� 
2�3� �ac� f� i� d���r�nt�ab�� and t�� �th r�w �f f' (�) �s 
(f�) ' ��) �  I 

���r� ar� ����ral ��a��les �n th� �r�b���� t� ���w that th� 
c�n��r�� �f ������� 2�7 �� fal��. �t  �� tr��� ��w���r� �f �n� 
�y��t����� �� add�d� 
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2�8 Th�or�m� If f� R� � Rm, then Df(�) exists if �ll 
��f�(x) exist in �n open set cont�ining � �nd if e�ch function 
D �� is continuous �t �. 
(S�c� a f�ncti�n � i� call�d �o�����o�s�y d���r����ab�� at �. ) 

Proof� A� in t�� �r��f �f �h��r�� 2�7� it ���c�� t� c�n�id�r 
t�� ca�� m � � �  �� that f� R� � R. Th�n 

f(� + h) � f(�) � f(�1 + h�� �2� � . .  � ��) � f(�� � � � . � ��) 
+ f(�1 + h� � �2 + h2� ��� . . .  � ��) 

� f(�� + h1 � �2� � � �  � ��) 
+ . . .  
+ f(�1 + h�� � . .  � �� + h�) 

� f(�1 + h 1� � . �  � ���1� + h���� ��) �  

��call t�at D� i� t�� d�ri�ati�� �f t�� f�ncti�n g d��n�d by 
g(x) � f(x� �2� . . .  � ��) .  A���yin� th� ��an��al�� t���r�� 
t� g w� �bta�n 

�( �1 + h 1 � �2� . . .  � ��) � f(�� � � � �  � ��) 
� h � · D��b � �  �2� � � .  � ��) 

f�r ���� b 1 b��w��� �1 a�d �� + h �. Si�i�ar�y �h� ��� ��r� 
in t�� ��� ���al� 

h� · D�(�1 + h �� � . � ���� +  h��� � ��� � . .  � ��) � h�D��c�) �  
f�r ���� ��� T��n 

� 
f( � + h) � f��) � � D�(�) � h� 

li� � �  1 
��� � h � 

� 

� li� 

� 
� �  1 

��� 

� 

< �i� � � D�(c�) � D�(�) � 
��� � �  � 

� �  � 
�inc� D� �� c�ntin���� at �� I 
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Alt����� t�� c�a�n r�l� wa� ���d �n th� �r��� �� T���r�� 
2�7� �t c��ld �a��ly �a�� b��n �l���nat�d. W�t� T���r�� 2�8 t� 
�r���d� d���r�nt�abl� ��nct��n�� and ����r�� 2�7 t� �r���d� 
t���r d�r��at����� t�� c�a�n r�l� �ay th�r���r� ���� _ al���t 
����r�����. H�w���r� �t �a� an ��tr���ly ����rta�t c�r�l�
lary c�nc�rn�n� �art�al d�r��at����. 

2�9 Th�or�m� ��t g 1 7 � � �  �g� � R� �  R �� �ont�n�ously 
d��er����b�e �t �� ��� �et f� R � �  R b� ����r�����b�� �� 
�g � ��) , � � �  ,g���) ) �  ����e th� �u�c���� F� R� �  R by 
F��) = ��g� ��) � � � � ,g���) ) �  The� 

� 
D�F(�) � � D�(g� ( �) �  . . .  �g�( �) )  � D�g �(�) .  

j =l 

Proof� Th� ��nct��n F �� ���t t�� c������t��n �� g� w��r� 
g � (g1 � � � . �g�) .  S�nc� g� �� c�nt�n����ly d���r�nt�abl� at 
�, �t ��l��ws �r�� T���r�� 2�8 t�at g �� d���r��t�ab�� a� �. 
H�nc� by T���r�� 2�2, 

F' ( �) � f'(g (�) )  � g' ��) �

(D�f(g(�) ) �  . � �  �D�f(g (�) ) )  · 

� � � 

��� D�F(�) �� th� �t� �ntry �� th� ���� ��d� �� th�� ���at��n� 
w��l� 1D�f(g � (�) �  . � .  �g�(�) )  � D�g�(�) �s �h� ��h ����y 
�� th� r��ht ��d�� I 

T���r�� 2�9 �s ��t�n call�d t�� �h�in rule� b�� �� w�a��r 
��an T���r�� 2�2 ��nc� g c��ld b� d���r�nt�abl� w�t���t g� 
b��n� c��t�nu���ly d���r����ab�� (s�� �r�bl�� 2�32) � ���s� 
c�����at��n� r��u�r��� Th��r�� 2�9 a�� �a�rly �tra��h����wa�d� 
A �l��h� ��b���ty �� r����r�d ��r �h� �u�c���n F: R� �  R 
d��n�d by 

F�x�y) � f(g (x�y) �h(x) �k (y)) 
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���r� h�� �  R � R� In �rd�r �� a��ly Th��r�� 2�9 d��n� 
��� �  R2 � R by 

�(x�y) � h(x) �(x�y) � k (y) . 
T��n 

D1�(x�y) � h' (x) 
D1�(x�y) � � 

D��(x�y) � �� 
D��(x�y) � k'(y) � 

and w� can wr�t� 

F(x�y) � f(g (x�y) ��(x�y) ��(x�y) ) .  

L�tt�n� � � (g�x�y) �h(x) �k(y) ) �  w� �bta�n 

D1F(x�y) � D��� �� · D1g(x�y) + D�(�) · h' (x) �  
D2F�x�y) � D�f(�) · D2g(x�y) + D�f(�) · k' (y) . 

�t �����d� �f c��r��� b� �nn�c���ary f�r y�� t� ac��ally wr�t� 
d�wn t�� f�nct��n� � and �� 

Problems� 2�28� F��d �xp�����o�� �o� �h� pa���al d����a����� of �h� 
�o�low��g �u����o�� �  

�a� F(x�y) � f(g(x)� (y), g(x) � h (y) ) �  
�b� F(x�y,z) � f(g(x + y) , h (y + z) ) .  
(c) F(x,y,z) � f(x��,y�,z�) �  
�d� F(x,y) � f(x,g(x) ,h (x,y) ) �  

2-29� L�� f� R� - R.  �o� x E R"� ��� �im�� 

�� f(a � tx) � f(a) 
�� � ��� t 

�� �� �x����� �� d��o��d D�f(a), a�d �a���d �h� d���c��o�a� d����a�

���� o� f a� a, �� �h� d������o� x� 
�a� Show �hat D��(a) � D�(a) � 
�b� Show �ha� D��(a) � tD�f(a� . 
��� I� f �� d��������abl� a� �� �how �ha� D�f(a) � Df(a) (x) a�d 

������o�� ����f(a) � ��f(a) � ���(a) �  
2-3�� L�� f b� d����d a� �� ��obl�m ���� Show �ha� D�f(O�O) �x���� fo� 

all x, bu� �� g � �� �he� D���f(O,O) � D�f(O�O) + D�f(O�O) �� �o� 

��ue �o� a�� x a�d� �� 

2�3 1 �  L�� f� R2 - R be d����d a� �� ��obl�� ���6� Show �ha� D�(O�O) 
������ �o� a�l x� al�hough f �� �o� ��e� �o����uou� a� ����� � 

2-32� �a� L�� f� R - R b� de���d by 

f(x) � 
2 . � x �� �

x 
� � �� 

� � �  �� 
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Show �ha� f �� d��������ab�� a� � bu� f� �� �o� �o����uou� a� �� 
�b) L�� f: R2 � R b� d����d by 

f�x,y) = 
�x,y) � �� 

��,y) = �� 

Show �ha� f �� d��������abl� a� ����) bu� ��f �� �o� �o����uou� 
a� ����� � 

2�33� Show �ha� �h� �o����u��y o� �I�� a� a �ay b� ������a��d ��o� �h� 

hypo�h���� o� Th�o��� ���� 
2�34. A �u����o� f� R� � R �� h���g�n��us o� d�g��� � �� f��x) = 

�mf�x) �o� all x� I� f �� al�o d��������abl�� �how �ha� 

� l �� ���x) = �f�x) � 
� � 1 

H���� I� g��) � f��x) , ��d g��� � �  
2-35. I� j� Rn � R �� d��������abl� a�d f�O) = �� p�o�� �ha� �h��� �x��� 

g�� Rn � R �u�h �ha� 

� 
f�x) = .l x�g��X)� 

� � � 
Hi��� I� h���� � ���x) , �h�� f�x) = � h����)d�� 

�NV�RS� FUN�T�ONS 

S������ t�at f� R � R i� c�nti�����ly di��r�ntiab�� in an 
���n ��t c�ntainin� � and f' (�) � �� �f f' (�) > �� th�r� i� an 
���n int�r�al V c�ntainin� � ��c� that �'(x) > � f�r � E V� 
and a �i�ilar �tat���nt ��ld� if f' (�) < �� Th�� f i� incr�a��
in� (�r d�cr�asin�) �n V� and i� th�r����� ��� wit� an i���r�� 
f�ncti�n �� � d��n�d �n ���� ���n int�r�al W c�ntainin� f(�) � 

��r����r it i� n�t hard t� ���w t�at �1 i� di��r�ntiabl�, and 
f�r y E W  t�at 

( 1 ' (  ) �
1 

� ) Y � f' ��1�y) ) 

A� anal����� di�c���i�n in �i�h�r di��n�i�n� i� ��ch ��r� 
in�����d� b�t th� r���lt (Th��r�� 2�� � )  i� ��ry i���rtant� 
W� b��in with a ������ ����a� 
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2-10 Lemma� �et � C R� be a �ectangle and let �� � � R� 
be contin�o�sly di�erenti�ble� I� the�e is a n��be� M s�ch that 
� D�i(x) � < M �o� �ll x in the inte�io� o� �, then 

����) - �(y) � < n2M � x � Y � 

�o� all �,y � �� 

Proof� W� �a�� 

� 
��(y) � ��(x) = � ���y �, � � � ����x���� � � �  �x�) 

�� � � 1 ��1 � - ��(y , � � �  ,y � x  � . . .  � x�) � � 

A���y�n� t�� ��a���a��� t���r�� w� �bta�n 

��(y �, . � �  ���� x��� � � � �  �x�) �  �(y� � � �  ����� � x�� � � �  �x�� 
� ��� � ��� � � ���Z��� 

f�� ���� Z��� T�� ��pr�����n �n t�� r���t �a� ab����t� �a��� 
��s� ��an �r ���a� t� M · !y� - x�� . T��� 

� 
����) - ��x) � < � �Y� - x� � � M < nM�� - x� 

� � 1  
��nc� �ac� �Y� - �� �  < �Y - x� . F�na�ly 

� 

��(y) - f(x) � < � ��(y) � �(�) � < n2M � � Y � x� � I 
�� �  

2-11 Theorem �Inverse Funct�on Theorem�� ���ppose that 
�� R� �  R� is continuously di�e�entiable in an open set contain�
ing a, and det �' (a) � 0� Then the�e is an open set V containing 
a and an open set W containing �(a) s�ch that �� V �  W h�s a 
co�t�nuous inverse �1� � �  � which is di�e�entiable and �o� 
all y � W satis�es 

���� '�y� = ��'����Y) )��� �  

Proof� ��t � b� t�� ��n�a� tran���r�at��n D��a) � T��n 
� �� n�n�������ar� ��nc� d�t �'�a) � 0� N�w D(��1 � �) �a) = 
D����) ��(a) ) � D�(a� = ��1 � Dj�a� �� t�� �d��t�ty ��n�ar 
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�ra���orma�io�� I� ��e ��eorem i� �rue �or A �I o �, �� �� clearl� 
�rue �or �� ��ere�ore we ma� a��ume a� �he ou��e� �ha� A i� ��e 
�de��i��� �hu� whe�ever f(� � �) = f(�) � we have 

�u� 

! f�� + �) - �(�) - A (�� j _  � _  

� 
! � � � ! �� � � 

� �m ��� � + �) � �(�) � A(h� 
� = �. 

h�� j h j  

�h�� mea�� ��a� we ca��o� �ave f(x) = f(�) �or x arb��rari�� 
clo�e �o� bu� u�equal �o� �. ��ere�ore �here �� a clo�ed rec�
�a�gle U co��ai���g � �� ��� ���er�or �uc� ��a� 

� .  f(x) � �(�) �� x E U a�d x � �� 
S��ce � �� co����uou�l� d��ere���able i� a� ope� �e� co��a����g 
�, we ca� al�o a���me �ha� 

�� de� �� ��) � 0 �or x E U� 
3. j ����(x) - ���(�) j < �/�n� �or all i� �� a�d x E U� 

No�e ��a� �3) ��d �emma ���0 app�ied �o g(x� = �(x) - x 
�mp�� �or x� �x 2 E U �ha� 

J�(x � ) - XI - (�(x2) - x2) � < - x2 j �  
S��ce 

� x � - x2 !  - ���x�) - �(x2� � < � f( x� ) � X I - (��x2) � x2) � 
x� � � 

we ob�a�� 

Now /�bou�dar� U) �� a compac� �e� wh�c�, b� ( � ) ,  doe� �o� 
co��a�� �(�) �F�gure 2�3) �  There�ore �he�e �� a �umber d > 0 
�uch ��a� J�(�) - �(x) I � d �or x E bou�dar� U� �e� 
� = � � �  j � � �(�) j < d/� } �  I� � E � a�d x E bou�dar� U� 
��e� 

5. � � - ���) j < J � - ��x) � � 

�e w�ll ��ow ��a� �or a�� � E � ��ere �� a u��que � �� 
���erior U �uc� ��a� ��x) = y� �o prove ���� co���der ��e 
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f�nc�i�n g �  U �  R d��n�d by 
� 

g (�) � � Y � �(�) � � � l (y� � ��(�) ) �� � � � 
T�i� f�ncti�� is c�nt�n���� and th�r�f�r� ha� a �ini��� �n 
U� If � E b��ndary U, th�n� by �5� �  w� ha�� g(�) < g(�) �  
T��r�f�re t�� �ini��� �f g d��� n�t �cc�r �n �h� b���dary 
�f U� �y Th��r�� ��6 th�r� is a ��int � E in���i�r U ��c� 
tha� D�g(�) � 0 f�r all j� that i� 

� l �(y� � ��(�) ) · D��(�) � 0 f�r all j� 
� � �  

�y (�) th� �atr�� (D��(�) ) ha� n�n�z�r� d�t�r�inant. T��r��
f�r� w� �us� ha�� y� � ��(�) � � f�r a�� i� that �� y � �(�) � 
T�i� �r���� th� ��i���nc� �f �� �ni���n��s f����w� i���d��
at�ly fr�� �4�� 

�f V � �in���i�r U� � ��(�) �  w� �a�� �h�wn �ha� th� 
f�ncti�n �: V �  � �a� an in��r�� �� � � �  V� W� can 
r�wr��� �4� a� 

f�r Y� �Y2 E �� 

T�i� ���w� tha� �� i� c�n��n����� 
Only ��� pr��f �hat �� �� di��r�n��abl� r��a�n�. L�� 

� � Dj(�) �  W� wi�� s��w �ha� �� i� d���r�n��abl� a� y � �(�) 
w��h d�ri�ati�� ��� � A� �n �h� �r��f �f Th��r�� ��� , f�r 
� � E V� w� �a�� 

w��r� 

�i� � � �X� � �) I � 0� 
x��x �� � � � �  

T��r�f�r� 

S�nc� ���ry Y1 E � i� �f ��� f�r� j(��) f�r ���� �1 E V� thi� 
can b� w�it��n 
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a�d i� �herefore su�ces �o show �ha� 

�i� 
���� � ¥���(��) � �� (�)) )  I �  0� 

Y•�Y IY� � Y � 
Therefore (�rob�e� 1-10) i� su�ces �o show �ha� 

Now 

�i� I¥��� (Y�) � �� (�) ) � �  0� 
Y•�Y �Y� � Y � 

�¥��� �Y�) � �� �Y) ) j 
�Y� � Y � 

Since �� is con�i�uous� ��(��) �  ��(�) as Y� �  �. There
fore �he �rst fac�or a��roaches 0� Si�ce� by (6) � �he second 
fac�or is �ess �han �� �he �roduc� also a��roaches 0�  I 

�t shou�d be no�ed tha� a� in�erse func�ion �� �ay e�ist 
��e� if de� �� (�) �  0� For e�a���e� if �� R �  R �s de��ed by 
�(x) �  x�� �he� �' (�) �  0 bu� � has �he i��erse func�ion 

� �(x) �  � X� One �hi�� is cer�ai� howe�er � if de� �'(�) �  0, 
�he� �� ca��o� be di�ere���able a� �(�) � To �ro�e �his �o�e 
�ha� � � ��(x) � x� �f �� were di��ren�iable a� �(�) � �he 
chai� rule would ���e �'(�) � (��) ' (�(�) ) � � � a�d conse�uen�ly 
de� �' (�) · de�(��)' (�(�)) �  1 ,  con�radic�in� de� �'(�) �  0� 

��������� 2-36. � L�� � � R� b� a� op�� ��� a�d �: � �  R� 
a �o�����o��ly d��������abl� 1-1  ������o� ���h �ha� d�� �� ��� � 0 

�o� all �� Sho� �ha���� � �� a� op�� ��� a�d �� � ��� � � � �� d�����

����abl�� Sho� al�o �ha� ���� �� op�� �o� a�y op�� ��� � � � � 
�-37� �a) L�� �: �2 � R b� a �o�����o��ly d��������abl� ������o� � 

Sho� �ha� � �� �ot 1�� � H���� I�� �o� �xam�l�� D����y� � � �o� a�� 

���y� �� �om� op�� ��� ��  �o���d�� g� A �  �2 d����d by g ���y� �  
�����y� �y� � 

�b) G����a��z� �h�� ����l� �o �h� �a�� o� a �o�����o��ly d�������

��abl� ������o� �: R� � Rm ���h m < �. 
2-38� �a) I� �: R �  R �a������ ���a) � � �o� al� a E �� �ho� �ha� � �� 

1�1 �o� all o� R)�  
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�b� D���� �: �� � �� by ��x�y) = �e� �o� �� e� ��� y) � �how 
�ha� d�� �� �x�y) � � �o� a�l �x�y) b�� � �� �o� �-� .  

2�39� U�� �h� ������o� j�  � �  � d����d by 

��x) = 

� � � � � + �  S�l ��
2 � 
� 

� �  �� 
� =  � � 

�o �how �ha� �o�������y o� �h� d����a���� �a��o� b� ���m��a��d ��o� 

�h� hy�o�h���� o� Th�o��m 2�� 1 �  

��PL���T FUN�T�ONS 

��nsider �he f�nc�i�n f� R2 �  R de�ned by f�x�y) = x2 + 
y2 � � .  �f we c���se ���b) wi�h f���b) = 0 an� � � � �  � 1 , 
�here are (Fi��re 2�4) �pen in�er�a�s � c�n�ain�n� � and B 
c�n�ainin� b w��h �he f�ll�win� pr�per�y � if x E � ,  �here is 
a �ni��e y E B wi�h f�x�y) � 0� We can �heref�re de��e 

y 

{ (x�y) � �(x�y) �  � �  B � 

F�G UR� ��4 
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a f�nc�i�n g �  A �  R by �he c�nd��i�n g��) E B and f(�,g(�) )  
= 0 (if b > 0 ,  as indica�ed in Fi��re 2-4� �hen g(�) � 
V1 - �2) �  F�r �h� f�nc�i�n f we are c�nsiderin� �here is 
an��her n��ber b � s�ch �ha� j(a,b �) = 0� There wi�l a�s� be 
an in�er�a� � � c�n�ainin� b �  s�ch �ha�, when � E A ,  we 
ha�e j(�,g� (�) )  � 0 f�r a �ni��e g � (�) E B � �h�re g � (�) = 
� V1 � �2) �  ���h g and g� are di�eren�iab�e. These 

I 
f�nc�i�ns are said �� be de�ned �m�l����ly by �he e��ati�n 
f(�,y) = 0� 

�f we ch��se a � 1 �r � 1  i� is i�p�ssible �� �nd any s�ch 
f�nc�i�n g de�n�d in an �pen in�er�al c�n�ainin� a� We 
w���d like a si�p�e cr���ri�n f�r deci�in� when � in �enera�� 
s�ch a f�nc�i�n can be f��nd. ��re �enera��y we �ay ask 
�he f��l�win� � �f j: R� X R � R and f(a � , � � �  ,a�,b) = 0, 
when can we �nd� f�r each (�� , � � �  ,��) near (a� � � �  ,a�) ,  
a �ni��e y near b s�ch �ha� f(� �, � � �  ,��,y) � 0?  ��en 
��re �enerally� we can ask ab��� �he p�ssibili�y �f s���in� 
m e��a�i�ns� dependin� �p�n pa�a�eters �� ,  � � �  ,�� , in m 
�nkn�wns � �f 

and 

w�en can we �nd� f�r each (� �, � � 

�ni��e (y� , � � � ,y�) near (b�, 
��� � � � m) �  0 � � X � � � � ,X , y , � � � ,y � � 

� 1 t = � � � �  �� 

� � t = � � ,m, 

� ,��) near (a�, � ,a�) a 
� � � ,b�) which sa�is�es 
T�e answer is pr��ided by 

���� Theorem ��mp��c�� Func��on Theorem�� Su���se 
j� R� X Rm � Rm �s c�n��nu�usly d��e�ent�able �n an ��en set 
c�nta�n�ng (a,b) and j�a�b) � 0� �et M be the m X m mat��� 

� � �, j � m� 

If det M � 0, there �s an ��en set � C R� c�nta�n�ng a and an 
��en set B C Rm c�nta�n�ng b� w�th the f�ll�w�ng �r��erty� f�r 
each � E A there �s a un�que g(�) E B such that f(�,g(�) )  � 0� 
The funct��n g �s d��erent�able� 
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Proof� D��n� � �  Rn X R� � Rn X R� �y ��x,�) = 
(x,�(x,�)) �  Th�n d�t �'(�,�) � d�t M � 0� �y Th�or�m 2 ��� 
ther� is an op�n s�t W C Rn X R� conta�nin� �(�,�) � (�,�) 
and an op�n s�t in Rn X R� con�ainin� (�,�) , which w� may 
�a�e �o �� of �h� form � X B� such that � �  � X B � W 
has a �i� �ren �ia�l� in ��rs� � � W � A X B� �l�arly � is of 
��� form ��x,�) = (x,��x,�) ) for som� di��r�ntia�l� function 
� �sinc� � is of �his form) �  L�t � �  Rn X �� � �� �e ������ 
�y ��x,�) � � �  ��en � � � = �� Th�r�for� 

�(x,��x,�) )  = � � ��x,�) = (� � �) � �(x,�) 
= � � (� � �) (x,�) � �(x,�) � �. 

T�us ��x,� (x,�)) � 0 ;  in o�h�r words w� can d��ne g (x) = 
��x,�)�  I 

�inc� t�e func�ion g is known to be di��r�ntiabl�, i� is �asy 
�o �nd its d�riva����� In fact, sinc� f(x,g (x) ) = 0,  takin� D; 
of �oth sid�s �i�es 

� � 
0 = D;f�x�g �x� �  + � Dn+a�i(x�g�x��  · D;ga�x� 

� � �  
i,� = �, � � � �m� 

�inc� d�t M � 0, th�se �quations ca� b� solv�d �or D�g��x� � 
Th� answ�r wi�l d�p�nd on th� var�ous D;�i�x�g�x� � �  and th�r�
for� on g�x� � This is unavoida�l�, sinc� th� function g is not 
un�qu�� ��consid�rin� th� function �� R � � R d��n�d �y 
�(�,�) � x� + �� - �, w� not� that two possi�l� functions 

sa��sfyin� ��x,g�x�� = 0 ar� g�x� = V� - x� and g�x� = 
- V� - x�� Di��r�ntiatin� ��x,g �x�� = 0 �iv�s 

D��x�g�x��  + DJ�x,g�x� �  � g' �x) = 0, 
or 

�� + 2g��) · g' �x� � 0, 
g'�x� � -x/g�x) , 

��i�� �s �n�e�d ��e �as� �or ei���r g�x� = V� - x� or ��x� � 
- � � 
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A g�n��a�ization of t�� a�gum�n� fo� T��o��m ����  can �� 
g���n, w�ic� wi�� �� impo��an� in ��ap��� 5� 

2��3 Theorem� �et �: R� � R� be c�nt�nu�us�y d��er
ent�able �n an ��en set c�nta�n�ng a, where � � n� �� ���� = 0 
��d the p � � m�tr�x �D������ � h�s r��k �� the� there �s �� 
op� set � C R� co�t�����g � ��� � d���r�����ble �u�c��o� h� 
� � R� w��h d��e������bl� ��ve�se such t��� 

� � h�x 1, � � �  ,��� � �x�-p+�, � � �  ,��� � 

Proof� W� �an �ons�d�� � as a ����t��� �� ��-p � R� � ��� 
�� ��� M � 0� ���� M �s ��� � � � �at��� �D��p���i ���� �  
� � �, j � ��  ���� w� a�� p����s��� �n ��� s���a��on �ons�d���d 
� ��� p�oo� o� T��o��� ����� a�� as w� s�ow�d �n ��a� p�oo�� 
����� �s � s��� ��a� � � ��x�, � � � �x�� � �x�-p��, � � � ,x�� � 

�� �����a�� s�n�� �D�f���� �� �a�� �, t���� w��� �� �� � 
· · � � jp s��� ��a� ��� �a���� �D������ � � � � �� j � 
��, � � �  ��� �as �o�����o d������na��� �� g : R� � �� p���
����s ��� x� so ��a� g �x � � � � �  ,��� � � � � �  ,x��� � � �  ,x��� ,  
���n � � g �s a ��n���o� o� ��� �yp� a���ady �ons�d���d� so 
� (� � g� � k� �x �, � � � ,x�� � �x��P��, � � �  ���� ��� so�� k� 
��� h � g �  k� � 

Problems� �-�0� Use the im�licit f�nction theorem to re�do P�o�
�em 2��5(c)� 

����� ��� �� R X R � R �e di�ere�t����e. For ��ch � E R de�ne �� � 
R � R �� ��(�) = �(���) . S���ose th�t fo� e�ch � there � � 
�niq�e � with ���(�) = �; let �(�) �e this �. 

�a� I� D2� 2���,y) � � �o� ��� ���y), �ho� �ha� c �� d�����n��abl� 

and 

c���) = �  D2� ����,c�x)) � 
D2� 2���,c ��) ) 

H��t� ��� �y) = � �an b� w�����n D2���,y) = �� 

�b) ��ow �ha� �� c���) = �� �h�n �o� �o�� y we ha�� 

D����,y) � �� 
�2���,y) � �� 

�� ) Le� ���,y) = ��y ��� y � y) � y ��� �� F�nd 

�a� � ��n ����y)) � 
!�� �� ��y�� 
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NO T� T�ON 

T�is s�ction is a b�i�f and no� �n�i��ly unp���udic�d �iscussion 
of c�assica� notation conn�c��d wi�� pa�tial d��i�ativ�s� 

T�� pa�tial d��ivati�� D�(�,y,z) is ��not�d, among d�vot��s 
of c�assica� notat�on, �y 

�j(�,y,z) 
�� 

�j �j 
o� � o� � ��,y,z) �� �� 

� 
o� �j(�,y,z) �� 

o� any ot��� conv�ni�nt simi�a� symbo�� T�is notation fo�c�s 
on� �o w�it� 

�j 
� (u,v��) �u 

fo� D�(u,v,�) , a�t�oug� ��� symbo� 

�j(�,y,z) 
�� � ���y��� �  �u����� 

�j(�,y,z) 
( ) o� u,v,� �� 

o� so��t��ng sim��a� �ay �� us�d �and �us� �� us�d fo� an 
�����ss�on ���� D d(7,3,2� ) .  S��i�a� nota��on �s us�d fo� D�f 
and D��� �ig���-o�d�� d����at���s a�� d�not�d �y sy��ols 
���� 

W��n f: R � R, ��� sym�o� � automatica��y ��v���s to � �  t�us 

� sin X � sin X 
not 

�� �� 

T�� m��� stat�m�nt of T��o��� 2-2 in c�assica� no�a�ion 
��qui��s t�� int�oduction of i�����vant ��tt��s� T�� usua� 
�va�uation fo� D1�f o (g,h)) �uns as fo��ows � 

If f(u,v) is a function and u = g(�,y) and v = h(�,y) � 
t��n 

�j(g (�,y) , h(�,y) ) �j�u,v) �u �j(u,v) �v = � + � �  

�� �u �� �v �� 

�T�� symbo� �u��� m�ans ���� g (�,y) and ���uf(u,v� m�ans 
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D�f(u,v) � D ��g�x,y� ,  h(�,y) ) � ] This �quation is oft�n writ��n 
simp�y 

�j �j �u �f �v � � � � + � � � 
�� �u �� �v �� 

�ot� that f m�ans som�thing �i��r�nt on �h� �wo s���s of th� 
�quation � 

Th� notation �f���, a�ways a �it��� �oo t�mpting, has inspir�� 
many�usua��y m�aning��ss) ���nitions of �� an� �f s�parat��y, 
th� so�� purpos� of which is to ma�� th� �qua�ion 

�f 
�� � � � �� 

�� 

wor� out� �f ��  R2 �  R th�n �f is �e�ne�, classica��y, as 

�f �� 
�f � � �� + � �y 

�� �y 

(wha��v�r �� an� �y m�an) . 
�hapt�r 4 contains rigorous ���nitions wh�c� �nab�� us to 

prov� th� abo�� �quat�ons as th�or�ms� �� is a �ouchy 
qu�stion wh�th�r or not th�s� mo��rn ����itions r�pr�s�nt a 
r�a� improv�m�nt ov�r c�assica� formalis� � this th� r�a��� 
must ��ci�� for h�ms��f� 
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Integration 

B�S�� �EF�N�T�ONS 

Th� d��nition of th� int�g�a� o� a function �� A �  R, wh��� 
A C R� is a c�os�d ��ctang��, is so simi�a� to that of th� o�di
na�y int�g�al that � �apid t��a�m�nt wil� b� giv�n . 

��call that a pa�tition P of a c�os�d int��va� [a,b� is a 
s��u�nc� ��, � � � � t�, wh��� a � �� < t� < · · · < t� � b �  
Th� pa�tition P divid�s th� in���va� �a,b� into k subint��va�s 
[���� ,��� � A �ar����on of a ��c�a�gl� [a1,b 1] X · � · X �a� �b�] 
is a co���ction P � (P�, � � �  �P�) , wh��� �ach P� is a pa�
tition of th� int��va� �a�,b�] � Suppos�, fo� ��ampl�, that 
P1 � ��, � � �  ,t� is a pa�tition of �a 1 �b 1] and P2 � s�, � � �  ,s� 
is a pa�tition of �a2,b 2] � T��� th� pa�tition P � (P�,P2) of 
[a� ,b� X �a2�b2� divid�s th� c�os�d ��ctang�� �a1 ,b� X �a2 ,b2� 
into k · l sub��ctangl�s, a typical on� b�i�g ����� , ��� X �s�_1 ,s�] � 
In g�n��al, if P� divid�s [a��b�] into �� subint��vals, th�n P � 
(P� ,  � � �  ,P�) divid�s [a 1,b� X · · � X �a� ,b�] into � � 
� 1 · � � � · � � sub��ctangl�s. Th�s� sub��cta�gl�s wil� b� 
call�d s�bre��an�les of �he �ar����on P� 

Suppos� now tha� A is a ��ctangl�, ��  A �  R is a bound�d 
�6 
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function, and P is a par�ition of �. For �ac� su� r�cta�g�� S 
of ��� partition ��� 

ms�f� = ��� { f(�) � � E S } ,  
M� (f) = sup { f(�) � � � S } ,  

and ��t v(S) �� t�� vo�um� of S ���� vol�me of a r�ctang�� 
[a��b� X � � � X �a� ,b�], and a�so of (a� ,b� ) X � � � X (a�,b�) �  
is d��n�d as (b � � a�) � � � �  � (b� � a�) ] �  T�� lower a�d 
���er s�ms of � �or P ar� d��n�d �y 

L(�,P) � � ms (�) � v(�) and �(f,P) � � Ms (f) · v(S) � 
8 � 

���ar�y L(f,P) < � (f,P) , and an ���n strong�r ass�rtion (���) 
is tru�� 

��� Lemma� Supp�se �he pa������n P' �e�nes P (�ha� �� 
ea�h sub�e��angle �f P' is ��n�aine� in a s�b�e��angle �f P) � 
Then 

L(�,P) < L� �,P') an� �(f,P') < �(�,P) �  

Proof� �ac� su���ctang�� S of P is d�vid�d into s�v�ra� su�
r�ctang��s S � � � � � ,S� of P', so v(S) = v(S �� + � � � + 
v(S�) � �ow ms�f) < msi �f� , sinc� t�� va�u�s f(�) for � � S 
inc�ud� a�� va�u�s �(�) for � � S� (and possi��y sma���r on�s) . 
T�us 

ms(f� � v(S) = ms(f� � v(S �� + � � � + m�(f) · v (S�) 
< ms1 (f) � v(S �) + � � � + msaCf� � v(S�) � 

T�� sum, for a� � S, of t�� t�rms on t�� ��ft sid� is L(f,P) ,  
w�i�� t�� sum of a�� t�� t�rms on t�� rig�t sid� is L(f,P') � 
H�nc� L(f,P) < L(f�P') � T�� �roof for upp�r sums is 
simi�ar. I 

��� Corollary� If P an� P' a�e any ��� pa��i�i�ns� �hen 
L(j�P') < �(f,P) � 

Proof� ��t P" �� a partition w�ic� r��n�s �ot� P and P'� 
�Fo� ��amp��, ��t P" = (P�', � � � ,P�) � w��r� P�' is a par-
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tition of [a�,b�� w�ic� r��n�s �ot� P� and P�� ) T��n 

L(f,P') < �(f,P") < �(�,P") < �(f,P) � I 

It fo��ows from �oro��ary 3�2 t�at t�� ��ast upp�r �ound of 
a�� �ow�� sums for f is ��ss t�an o� ��ua� to t�� g��at�st �ow�r 
bound of a�� upp�r sums for f� A function f� A �  R is ca���d 
�ntegrable on t�� r�ctang�� A if f is bound�d and sup {L(f,P) } 
= inf { �(f,P) } �  T�is common numb�r is t��n d�not�d f�!� 
and ca���d t�� �ntegral of f o��r A �  Oft�n, t�� notation 
f �f(�1 , � � �  ,��)��� � � � ��� is us�d� If f � [a, b� � R� w��r� 
a < b, t��n f�f = f ��� ��� A s�mp�� �ut us�fu� crit�rion for 
in��g�abi�ity is p�o�id�d by 

3�3 Theorem� A b�un�e� fun��i�n f� A �  R is in�eg�able 
i� an� �nly if f�� eve�y e > 0 �he�e is a pa��i�i�n P �f A su�h 
�ha� �(f,P) � L(f,P) < e� 

Proof� �f t�is condition �o�ds, it is c��ar t�at sup {L(f�P) } �

inf { �(f,P) } and f is in��grab��� On t�� ot��r �and, if f is 
�nt�gra���, so t�at sup {� (f,P) } = inf { �(f�P) } �  t��n for 
any e > 0 t��r� a�� parti�ions P and P' wit� �(f�P) � L(�,P') 
< e� If P" r��n�s bot� P and P', it fo��ows from ��mma 3�� 
t�at �(f,P") - L(f,P") < �(f,P) � L(f,P') < e� I 

�n t�� fo��owing s�ctions w� w��� c�aract�r�z� t�� int�g�a��� 
functions and disco��r a m�t�od of computing int�gra�s� For 
�h� pr�s�nt w� consid�r two functions, on� int�grab�� and on� 
not� 

1 �  ��t f� A �  R b� a constant function, f(�) = �� T��n 
for any pa�tition P and s�b���tang�� S w� �a�� m�(f) = 
M �(f) = �, so that L(f�P) = �(��P) = ��� � v(S) = � � v(A ) �  
H�nc� ��! = � · v (A ) �  

2� ��t f� [0 , 1 �  X [0, 1 �  � R b� d��n�d by 

f(�,y) � � 01 
if x is rationa�, 
if � is irrationa�� 

If P is a partition, t��n ���ry subr�ctang�� S wi�� contain 
points (��y) w�th x rationa�, a�d a�so points (�,y) wit� � 



�rrat�onal� H�nc� ms (�) � 0 and M 8�!� � 1 ,  so 

�(�,P) � � 0 · v�S) � 0 
s 

and 

�(�,P) � � 1 · v(S) � v([O�� � X �0 , 1 � ) � 1 �  
s 

Th�r�for� � �s not �nt�gra�l�� 

P�������� �� � �  ��� j� ��� � ]  X ��� � ] �� R b� d����d by 

f���y� � � � �� 0 < �  < !� 
�� � < � < � �  

Show �ha� f �� ����g�abl� a�d J [O , lX[O , l� f � ! � 
��2 � ��� j� A �� R b� ����g�abl� a�d l�� � � f ��c��� a� �����ly ma�y 

�o����� Show �ha� � �� ����g�abl� a�d J Af � JA�� 
���� ��� j�g : A �� R b� ����g�abl�� 

�a) Fo� a�y �a�����o� P o� A a�d �ub��c�a�g�� �� �how �ha� 

�s�f� + � s �g� < � s �f + g� a�d 

a�d ������o�� 

L(�,P) + L(�,P) � L(� + �� P) ��� 

Ms �f + �� 
< � s (f) � � s �g� 

�(� + �� P) 
� �(�,P) + �(�,P) . 

�b) Show �ha� f + � �� ����g�abl� a�d � A f + � � J A f + �AY� 
�c ) Fo� a�y co���a�� �� �how �ha� JA�f � �JAf� 

���� ��� j: A �� R a�d ��� P b� a �a�����o� of A �  Show �ha� j �� ����g�a

bl� �� a�d o��y �� �o� �ach �ub��c�a�gl� � �h� �u�c��o� j ��� wh�ch 
co������ o� f ������c��d �o �� �� ����g�abl�� a�d �ha� �� �h�� ca�e 

J � f � � sf s!�S� 
��5� ��� j�g �  A � � R b� ����g�abl� a�d �u��o�� f < g� Show �ha� 

� Af < �AY· 
��6. �f j� A �� R �� ����g�ab��� �how �h�� ��� �� ����g��b�� ��d � �  ��� < 

� � ��� . 
���� ��� �: [0� � �  X [0� � �  �� R b� d����d b� 

f����� � � � 
� /q 

� ���a��o�a�� 
� �a��o�al� y ���a��o�al� 

� �a��o�a�� y � p/q �� low��� ���m�� 

Show �ha� j �� ����g�abl� a�d ��O� l �X[O� t� f � 0� 



�� C�lc�l�� on ��ni�ol�� 

�E� S URE  ZERO � N� �ONTEN T ZERO 

� su�s�t A of R� has (�-d�m�ns�ona�) measure 0 �f for �v�ry 
� > 0 th�r� �s a cov�� { U 1 � U 2� U �� � � � } of A �y c�os�d r�c
�an���s such that ��1v(U�) < �� �t �s o���ous (��t n����
�����ss us�fu� to ��m�m��r) that �f A has m�asur� 0 and 
B � A �  th�n B �as m�asu�� 0� Th� r�ad�� may v�r�fy that 
op�n ��ctan���s may �� us�d �nst�ad of c�os�d r�ctang��s �n 
t�� d��n�t�on of m�asur� 0� 

� s�t w�th on�y �n�t��y many po�nts c��a��y has m�asur� 0� 
�f A has �n�n�t��y many po�nts wh�ch can �� a�rang�d �n a 
s�qu�nc� �1 � �2� ��� � � � � th�n A a�so has m�asur� 0, for �f 
� > 0, w� can c�oos� U� to �� a c�os�d r�ctan��� conta�n�ng 
�� w�th v(U�) < ��2�� Th�n 1v(U�) < ��/2� = �� 

Th� s�t of a�l �at�ona� num��rs ��tw��n 0 and � �s an �mpor
tant and rath�r su�pr�s�ng ��amp�� of an �n�n�t� s�t w�os� 
m�m���s can �� arrang�d �n such a s�qu�nc�� To s�� t�at 
t��s � so, ��st th� fract�ons �n th� fo��ow�ng a�ray �n th� ord�r 
�nd�cat�d �y th� arrows (d���t�ng r�p�t���ons and numb�r� 
���at�r than 1 ) � 

� � � � 
0/1 � �1 2/� �/� �/1 

� / / / 
0/2 1/2 2/2 �/2 �/� 

� / / 
0/� 1 /� 2/� �/� �/� 

/ / 
0/4 

/ 

�n �mpo�tant g�n�r���zat�on of th�s �d�a can �� g�v�n� 

3�4 Theorem� If A = A 1 � A 2 � A � �  � � � an� ea�h 
A � has measu�e 0� �hen A has measu�e 0� 

Proof� L�t � > 0� S�nc� A � has m�a�u�� 0, th�r� �s a cov�r 
{ U�� � �U�� 2� U� � � � � � � } of A� �y clos�d r�ctang��s such that 

1v �U�� �) < ��2�� Th�n th� co���ct�on of a�� U��� �s a cov�� 
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of A�  �y consid��ing th� a��ay 

� � � 
�1 � 1 �1 � 2 �1 � �  

/ / / 
�2� 1 �2� 2 �2� �  

/ / 
��� � ��� 2 ��� �  

/ 

5� 

�� s�� that this coll�ction can �� a��ang�d in a s����nc� 
V � �  V 2� V � � � � � � �l�a��y 1v( V�) < � c/2i = c� � 

� s��s�t A of Rn has (�-dim�nsiona�) content 0 if fo� �v��y 
c > 0 th�r� is a �ni�e cov�� � � 1 � � � �  � � � } of A �y clos�d 
��ctangl�s such that 1v(U�) < c. �f A has cont�nt 0� 
th�n A �l�a�ly �as m�asu�� 0� �gain , o��n ��ctangl�s co��d 
�� �s�d inst�ad of clos�d ��ctangl�s in th� d��nition� 

3�5 Theorem� If a < b �  �hen �a�b� C R ��es not have ��n�
�e�� 0� In fa��� if � U�� � � � � U� } is a �ni�e ��ve� �f �a�b] by 
�l�se� in�e�vals� �hen 1v�U�) > b � a� 

P��of� ���a��� �� �a� a����� ��a� �a�� Ui C ��,�] � ��� 

� � t0 < t1 < � � � < tk � � �� al� ��������� o� al� Ui� T��� 
�a�� v� Ui� �� ��� ��� �f ����a�� �; � t;_1• ��������, �a�� 
[�;_1��;] ���� �� a� ��a�� o�� Ui ��a����� a�� ��� ����� ����a��� 

a� �������� �o��� �f �t��bt�]) � s� ��_�v�Ui� �� ���� �t� � ���1) 
� � � �. � 

�f a < b� it is also t��� that �a �b] do�s no� hav� m�as��� 0� 
This follows f�om 

3�6 Theorem� If A is ��mpa�� an� has measu�e 0 � �hen A 
has ��n�en� 0. 

Proof� ��t c > 0� Sinc� A has m�asu�� 0, th��� is a cov�� 
� U�, U2, � � � } of A �y o��n ��ctangl�s such 1v�U�) 



�� �������� o� M����o��� 

� �� S�nc� A �� co�pa��, a �ni�e numb�� U 1 � � � � � U � of 
�h� �� al�o cove� A and �u��l� �� (U�) � �� I 

�h� �on��u��on of �heo�em 3�6 �� fal�� if A �� no� compac�� 
Fo� ��ampl�, l�� A b� �h� �e� of �at�onal numb��� be����� 0 
and � ;  �h�� A ha� mea�u�� 0� Suppo��, how�v��, �ha� 
{ �� �,b �] ,  . . .  ,[��,b�] }  cov��� A� �h�n � i� �on�a�n�d in 
�h� clo��d ��� �� 1 ,b�� � � � � � ��� ,b�] ,  and �h���fo�� [0 , � �  C 
[�� ,b�� � � � � � ���,b�] � �� fo�low� f�om �heo��m 3�� �ha� 

� �b� - ��) > 1 fo� an� �u�h �ov�� � and �on��qu�n��� A 
do�� no� hav� con��n� 0� 

Pr�b�ems� 3-8. Prov� �h�� [�� �b1l � � � � � [�n�bn] do�� no� h�v� 

�on��n� 0 �� ai � bi �or ���h � .  

3�9� ��� Show th�t �n un�ound�d ��� ��nno� h�v� �on��n� 0� 
��� G�v� �n ���mp�� o� � ��o��d ��t o� m����r� 0 wh��h do�� no� 

h�v� �ont�nt �� 
3�10. ��� �� C �� � ��t o� �on��n� 0� �how �h�� �h� bound�r� o� � h�� 

�ont�nt �� 
��� G�v� �n ���mp�� o� � bound�d ��t � o� m���ur� 0 �u�h �h�� 

th� �ound�r� o� � do�� not h�v� m���ur� �� 
3 � l l .  L�t A �� �h� ��t o� Probl�m �-�8� �� 1 (b� - a�) � � �  �how 

th�t �h� �ound�r� o� A do�� not h�v� m���ur� �� 
�- 12� L�t � �  �a,b] �� R �� �n �n�r����ng �un���on� Show th�t �x � � �� 

d���on��nuou� �t x }  h�� m���ur� �� H��t: U�� Prob��m �-3� �o 

�how th�� �x�  o (��x) � � �� � �� �n�t�, �or ���h �nt�g�r n. 

3�13 �  � ��� Show th�t th� �ol���t�on o� �l� r��t�ngl�� [a1�b�� � � � � � 
��n�bn] w��h ��� �� �nd �� r�t�on�� ��n �� �rr�ng�d �n � ���u�n��� 

��� �� A C Rn �� �n� ��t �nd � �� �n op�n �ov�r o� A� �how �h�� 

th�r� �� � ���u�n�� U 1� U 2� U a� � � �  o� m�m��r� o� � wh��h �l�o 

�ov�r A �  H��t� For ���h x E A th�r� �� � r��t�ng�� B �  [a1�b1] � 
� � � � [an�bn] w��h ��� a� �nd b� r�t�on�l �u�h �h�t x E B C � 
�or �om� U E � �  

IN TE G � A B L E  F UN C TI O N S  

��call �ha� o��,x� d�no��� �h� o�c�lla��o� of � a� x. 

3�7 Lemma� Let A be � closed rect�ngle �nd let �: � �  R be 
� bounded �unct�on suc� t��t o (f,x� � � �or �ll x E A� T�en 
t�ere �s � p�rt�t�on P o� A w�t� ���,P� � ���,P� � � � v�A� � 
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Proo�� �or ea�� x � � ��ere �� a ��o�ed re��an��e U x, 
�o��a�n��� x �� ��� �n�er�or� �u�� ��a� Mu� Cf) - mu� C�) � �� 
S���e A �� �ompa��� a �n��e number U x1 � � � � � U xn of ��e 
�e�� Ux �o�er A� �e� � be a par�i��on for � �u�� ��a� ea�� 
�ubre��an��e S of � �� �on�a�ned �n �ome �x; · ��e� M8(f) -
m8(f) � � for ea�� �ubre��an��e S of �� �o ��a� U�f,P) -
L (f��) = �s��s�f� � ms (f) � � v (S) � � � v (A � .  I 

3�8 Theorem� Let � be � �losed re�t�ngle �nd �� A � R � 
bounded �un�t�on. Let B � �x �  f �s not �ont�nuous �t x � �  
T�en � �s �ntegr�ble �f �nd onl� �f B �s � set of me�sure 0� 

Pr���� Suppo�e �r�� ��a� B �a� mea�ure 0� Le� � > 0 a�d 
le� BE = � x� o (f,x) � � � � ��en BE C B� �o ��a� BE �a� 
mea�ure 0� S���e �T�e�rem �-�� )  BE �� �ompa�� � BE �a� �on�
�en� 0� T�u� ��ere �� a �n��e ��lle���on U � � � � �  , � � �f 
��o�ed re��an��e� � ��o�e in�er�o�� �over ��� �u�� ��a� � v� Ui) 
� �� Le� � be a pa��i�ion of � �u�� ��a� every �ubre��an�le 
S o� � �� �n one of ��o �roup� ��ee �i�ure 3-�) : 

� I G U�E 3-� . T�e ��a�e� �e�ta�g��� a�e �� S�·  
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( 1 )  S1�  w��c� cons�sts of su�r�ctangl�s �� suc� t�at � C U� 
for som� �� 

�2� £2� w��c� �ons�sts of su�r�ctang��s � w�t� � � Be 
= �� 

L�t I J�x� l < M for x � A � T��n Ms��� - ms��� < 2M 
for �v�ry �� T��r��or� 

� � [Ms��� - m����] � v(�) < 2M l v(��) < 2�e. 
S E �t � � � 

�ow, �f � � S2� t��n o��,x� < � for � � �� L�mma �-7 
�mpl��s t�at t��r� �s a r��n�m�nt P' of P suc� that 

�M S' ��� - mS���� � · v(�') < e · v(S) 

for � � S2· T��n 

�(��P') � ���,P'� � l �M����� - m�� ���� · v(�') 
�' � s E � t 

+ l �� �' ��� - mS'�f� ] · v(�') 
�� � � E �2 

< 2�e + � e · v(�) 
s E �2 

< 2Me + e � v(A ) �  

S�nc� � and v(A) ar� ���d, t��s s�ows t�at w� can �nd a 
part�t�on P' w�t� U(f�P') � �(f�P') as small as d�s�r�d� T�us 
f �s �nt�gra�l�. 

Suppos� , conv�rs�l�, t�at � �s �nt�gra�l�. S�nc� B = 
�1 U �� U �i U · · · � �t su�c�s (T��or�m 3�4� to prov� 
t�at �ac� B1�� has m�asur� 0� �n fact w� w�ll s�ow t�at 
�ac� B1�n �as cont�nt 0 (s�nc� ���n �s compac�, t��s �s actuall� 
�qu� val�nt) � 

�f e � 0� l�t P �� a part�t�on of A suc� t�at U�f�P) �
L�f�P� < e/n� L�t S �� t�� coll�ct�on of su�r�ctangl�s � 
of P w��c� �nt�rs�ct B 1tn� T��n � �s a cov�r of B� �n · �ow �f 



In���r�tion 

S E �, t��n ����) - m�(�) > 1/n � T�us 

� · � v (S) < � �M �(�) � m�(f)] · v(S) 
�E� ��� 

< � �� � ��) � m� (f)� · v(S) 
� 

� 
< � � 

n 

and �on���u�nt�� �sE��(S) < �� � 
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W� �av� t�us far d�a�t on�� wit� t�� int�gra�s of functions 
ov�r r�ctang��s� �nt�gra�s ov�r ot��r s�ts ar� �asi�� r�duc�d 
to t�is t�p�� �f C C R�� t�� characteristic function �c 
of C is d��n�d �� 

��(�) = � � X � C� 
X E �. 

�f C C A for som� c�os�d r�ctang�� A and f� A �  R is 
�ound�d, t��n J cf is d��n�d as J A! · �c� provid�d f � �c is 
int�gra���� T�is c�rtain�� occurs (�ro���m 3�1�) if f and 
�c ar� �nt�gra���� 

3�9 Theorem. The fun����n �c� A �  R is in�eg�able �� an� 
�nly �� �he b�un�ary �f C has measu�e 0 (an� hen�e ��n�ent 0) �  

Proof� �f � is in t�� int�rior of C� t��n t��r� is  an op�n 
r�ctang�� U �it� � E U C C. T�us �c = 1 on U and �� is 
c��ar�� continuous at �� Simi�ar�� , if � is in t�� ��t�rior of C, 
t��r� is an op�n r�ctang�� U wit� � E � C R� � C� H�nc� 
�� = 0 on U and �c is continuous at �� Fina���, if � is in 
t�� �oundar� of C� t��n for �v�r� op�n r�ctang�� U containing 
�, t��r� is �� E U � C� so t�at �c�Y�� = 1 and t��r� is 
y2 E � � (R� � C) , so t�at �c�Y2� = 0� H�nc� �c is not 
continuous at �� T�us { � �  �c is not continuous at � �  
�oundar� C, and t�� r�su�t fo��ows from T��or�m 3-8. � 



56 C������s o� �a���o��� 

� bo�nded �e� � ��ose bo�nd�ry ��s mea���e 0 �� �a��ed 
Jo�da��m�as��abl�� ��e �n�e�r�� � � �  �� �al�ed ��e 
(��d�men��ona�) co����� of �� or ��e �� �d�men��ona�) vol�m� 

of �� N���ra��y one�d�men��ona� �o��me �� of�en �al�ed 
l��g��� and ��o�d�mens�onal �olume� a��a� 

Problem ��� 1 ��o�� ��a� e�en an open �e� � may no� be 
Jordan�me��ur�b�e � �o ���� � �� �� no� ne�e���r�ly de�ned e�en 
�f � �� o�en and � �� con��n�ou�� ���� �n�appy s�a�e of a�a�r� 
���� be rec���ed �oon� 

Pr�b�ems � 3�14. Show �h�� �f ��� � �  A � � R ��� �n��gr��l�� so �s 

� � g� 
3�15� Show �h�� �f � h�s �on��n� 0� �h�n � C A for som� �los�d r����ng�� 

A �nd � �s J�rd�n�m��sur��l� �nd � A �c = 0�  
��16� G�v� �n ���mpl� of � bound�d s�� � of m��su�� 0 su�h �h�� f� � � 

do�s no� ���s�� 

3�17� �f � �s � �ound�d s�� of m��sur� 0 �nd � � � � ���s�s, show �h�� 

�A �c = 0� H��t: Show �h�� L(�,�� � 0 �o� �ll p�r����ons �� 
Us� Probl�m 3�8� 

��18. �f �� A � R �s non�n�g���v� �nd � A� � 0, show �h�� { � �  �(�� ; 0 � 
h�s m��sur� 0� H��t� Prov� �h�� � � �  �(�� � � /� � h�s �on��n� 0� 

��19� L�� U �� �h� op�n s�� of Pro�l�m 3�� � .  Show '�h�� �f � = �u 
����p� on � s�� of m��sur� 0� �h�n � �s no� �n��g���l� on [�� � ] �  

3�20� Show �h�� �n �n�r��s�ng fun���on �� �a,bJ � R �s �n��gr���� on 

[ �,b � �  
3�2 1 .  �f A �s  � �los�� r����ngl�, show �h�� � C A �s  Jord�n-m��sur�bl� 

�f �nd on�� �f �or �v��� c � � �h�r� �s � p�r����on P o� A su�h �h�� 

�S���V ��� � �S���� ��� � E� wh�r� S1 �ons�s�s of �ll su�r����n�
gl�s �n���s����ng � �nd S2 �ll subr����ngl�s �on�����d �n �� 

3�22� � �f A �s � Jord�n-m��sur��l� s�� �nd c � 0, show �h�� �h��� �s � 

�omp��� Jo�d�n-m��sur�b�� s�� � C A su�h �h�� J A�  � < �� 

F U BINI ' S  THE O � E M 

��e prob�em of �����la��n� �n�e�ral� �s so��ed� �n �ome �en�e� 
by T�eorem 3�10� ���c� redu�e� ��e �ompu�a��on of �n�e�ra�� 
o�er � c�o�ed re��an�le �n R�� � > � �  �o ��e �ompu�a��on of 
�n�e�r��� o�er ��osed �n�er�a�s �n R� Of �u�c�en� �mpor�ance 
�o de�er�e a �pecial de���na�ion � ���� ��eorem �� u��al�y 
�eferred �o �� F�b�n� �� ��eo�em� al��ou�� �� �� �ore or �e�� � 
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�pe��a� �a�e o� a ��eorem pro�ed by �ub�n� lon� a��er T�eorem 
��10 �a� �no�n . 

T�e �dea be���d ��e ��eorem �� be�� �llu��ra�ed �F��ure ��2) 
�or a po����ve �on��nuou� �u�����on �� ����] � [c,d� �  R� Le� 
t0 �  � � �  �t� be a par����o� o� �� ,�] an� d�vide [��b] � [c�d] 
���o � ��r�p� by mean� o� ��e l�ne �e�men�� { t� }  � [c,d� � 

�� g� �� de�ned by g� �Y� = f(� �y� � ��en ��e area o� ��e re��on 
��der ��e �rap� o� � a�d above { � }  � [c�d� �� 

� � 
� g� = � f(�,y)dy. 
c c 

��e �o��me o� ��e re��on under ��e �rap� o� � a�d 
above [t��� �t�� � �c�d] �� ��ere�ore appro��ma�ely equa� �o 
(t� � t�� �� � ��f(��y�dy� �or any � E �t��� �t�� � ��u� 

1! 

� J � � � � 
[��b] X [c��] i � �  ���_J ���] X [c��] 

�� appro��ma�ely � �t� � t���) � �:J(�i�y)d�� ���� X� �n 

��u�� �� � 

� 

� � � � � � � � 
/ � � � 

{� _ �  � t ,  

FI G �� E  3-2 
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[t��� ,t��� �n t�� ot��r �and, sums similar to t��s� a���ar in 
t�� d��nition of J!(J�f(x�y)dy)dx� T�us, if h is d��n�d �y 
h(�) = f�g� = J�f(��y)dy� it is r�asona�l� to �o�� t�at h is 
int�g ra�l� on [a�b� and t�at 

� � � � � = � h = � �� f(x�y)d�� dx. 
[a� �� X [��� a a � 

��is will �nd��d tu� out to �� tru� w��n � is continuous, �ut 
�n t�� g�n�ral cas� di�culti�s aris�� Su��os�, for ��am�l�, 
t�at t�� s�t of discontinuiti�s o� f is { x0 }  X [�,d� for som� 
�� E ������ ���� f is int�gra��� on [a�b� X [��d� �ut h(x0) = 
��f(�0�y)dy may not �v�n �� d��n�d� T�� stat�m�nt of 
�u�ini�s t��or�m t��r�for� loo�s a littl� strang�, and will �� 
�ollow�d �y r�mar�s a�out various s��cial cas�s w��r� sim���r 
stat�m�n�s ar� �ossi�l�� 

W� will n��d on� �it of t�rminology� �f �� A �  R �s a 
�ound�d function on a clos�d r�ctangl�, t��n , w��t��r or not 
f is int�gra�l�, t�� l�ast u���r �ound of all �ow�r su�s, and 
t�� gr�at�st l�w�r �ound of all u���r sums, �ot� ��ist� T��y 
ar� call�d t�� lowe� and uppe� �n�egra�s of f on A � and 
d�not�d 

and � � j, 
A 

r�s��ctiv�ly� 

3�10 Theorem (Fubini's Theorem)� �et A C Rn and 
B � Rm be �l�sed re�tangles� and let�� A X B � R be integrable� 
��r x E A let g�� B � R be de�ned by g�(Y) = f(x�y) and let 

�(x) = L � g� = L � f(x,�)d�� 

�(x) = U � g� = U � f(x�y)dy� 

Then � and � are integrable �n A and 

� f = � � = � � L � f(x��)dy� dx� 
A X B  A A 

� � = � � = � � � � f(x�y)dy� ax� 
A X �  A A 
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(T�� in��g�a�s on t�� �ig�� sid� a�� ca���d iterated integra�s 

�o� f� � 

Pr���� ��� P A b� a pa��i�ion o� A and P� a pa��i�ion o� B. 
Tog����� ���y gi�� a pa��i�ion P o� A X B �o� w�ic� any 
sub��c�ang�� S is o� ��� �o�m SA X SB� w���� SA is a sub
��c�ang�� o� ��� pa��i�ion P A � and SB is a sub��c�ang�� o� ��� 
pa��i�ion PB. T�us 

�(�,P) = l m��f� · v(S) = l m�AX�B�f� · v(SA X SB) 
s ����� 

� l (� m�AX�B�f� ' v(SB)� � v(SA) .  
S� S� 

�ow, i� x E SA � ���n c��a��y m�A��8�f� < m���g�� � �ons�

q��n��y, �o� x E SA w� �a�� 

l m�AX�B�f� · v(SB) < l m���g�� · v(SB) < � � Yx = £(x) � 
�� �� B 
T�����o�� 

� �� m�AX�B�f� · v(SB) � · v(SA) < �(£,P � � � 
�� �� 

W� ��us ob�ain 

�(�,P) < �(£ ,P A)  < U(£,P A)  < U(��,P A )  < U(�,P) ,  

w���� ��� p�oo� o� ��� �as� in�qu��i�y is �n�i���y ana�ogous 
�o ��� p�oo� �� ��� ��s�� S�nc� f is in��g�ab��, sup {�(�,P) }  
in� { U(�,P) }  = � A�Bf� H�nc� 

sup {�(£,P�� ) �  = in� {  U(£,P �) �  = � AXB f� 

�n o���� wo�ds, £ �s in��g�ab�� on A and � A�Bf = �A£� T�� 
ass���ion �o� �� �o��ows simi�a��y ��om ��� in�qua�i�i�s 

�(�,P) < �(£,P A )  < �(��,P A)  < U(��,P A)  < U(f,P) . � 

R�m�rk�� 1 �  A simi�a� p�oo� s�ows ��a� 

� � � 1 � L � ���,y�d�� dy � � ( u� ���,y�d�� dy� 
A X � A � 
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���s� �n����a�s ar� ca���� ���r���� �n��gr��� ��r � �n ��� r����s� 
�r��� fr�� ���s� �f th� �h��r��� As s���ra� pr�b���s s��w, 
�h� p�ssibi�i�y �f in��rc�an�in� �h� �r��rs �f iterat�� in���ra�s 
has �any c�ns����nc�s� 

�� �n prac��c� �� �s �f��n t�� c�s� ��a� �ac� Yx �s �n���rab��� 
s� �ha� f AXB� �  fA �� B�(x,y)dy)dx. �h�s c�rta�n�y �cc�rs 
�� � �s c�n�in���s� 

��  ��� w�rs� �rr����ar�ty c����n�y �nc��n��r�� is ��a� Yx 
is n�� in���rab�� f�r a �n�t� n��b�r �f x � A �  �n �his case 
�(x) = f B�(x,y)dy f�r a�� b�t ��es� �nit��y �any x� ��nc� 
� �� r��ains �nchan��� if � is r�����e� at a �ni�� n��be� �f 
p�in�s� w� can sti�� w�i�� f A�B� = fA (f B�(x,y)dy)dx, pr��
����� �ha� f 8�(x�y)dy is ���n�� arbi�rari�y� say as 0� wh�n i� 
���s n�� ���s�� 

�� ���r� a�� cas�s w��n �h�s wi�� n�� w�r� an� �h��r�� 3-10 

��s� b� �s�� as s�a��� � ��� �: [0 ��� � �0 , � ]  � R b� ���n�� 
by 

�(x�y) � 

1 

� 

� � 1/q 

�f x is irra���na�� 
if x is ra���na� a�� y �s irra�i�na�� 
if x = pI q in ��w�st ��r�s an� � is 
rati�na�� 

�h�n � is in�e�rab�e an� f � o � tJ � � O � � J  � = � � ��w �6�(x,y)dy = � 
if x is �rrati�na�� an� ��es n�t ��is� if x is ra�i�na�� �h�re�
f��� h is n�� inte�rab�� if h(x) = f��(x,y)d� is set e��a� �� 0 

when th� inte�ra� ���s n�� ��ist� 
5� �f A = �� � ,b�� � · · · � �an ,bn] an� �� A � R �s s�f

�cient�y nice� w� can app�y ��bini �s �he�re� rep�a����y �� 
�b�ain 

�A � = ��" � · · · �l�1 �(x� , � � �  ,x�)dx�� � � �� dx�� 

6. �f � C � � �� F�b�n��s ����r�� can be �s�� �� e�a��a�� 
f ��� s�nce t��s �s by �e�n����n f A�B ���� S�pp�s�� f�� e�a�
p��� ��at 

��en 
� = [ � � �1 � � � � 1 � 1 � � { �X ,y) � � �X �y) � < � } � 



In��gr���on 

��w 

��(��y) 

�h������� 

� � � i� y > V 1 � �� �� y < � V 1 
��h��wis�� 
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� 1 � �v !
� 

_ � f(��y) � ��(��y)�y = _ � f(��y)�y + v� � �� �(��y)�y� 

I� g�n��a� , 
� ��p��ss��ns 

��� � � A . 

i� � � A X B, �h� main �i�cu��y in ���iving 
��� � �f wi�� b� �����mining � � ( { � } X B� 
I� � � (A X { y } )  ��� y � B is �as��� �� �����-

min�, �n� sh�u�� us� �h� i���a��� �n��g�a� 

��� = �s ��A f(��y) · ��(��y)��� �y. 

P�������� 3��3� L�� � C � X B b� a ��� o� �o����� �� L�� 
� � C � b� �h� ��� o� a�� x E � �u�h �ha� { y E B:  (x�y� E �} �� 

no� o� �o����� �� Show �ha� �� �� a ��� o� ��a��r� �� Hin�: �� �� 

����grab�� a�d J ��� �C � J ��l � J �£� SO J ��l � £ � �� 

3��4� L�� � C ��� � �  X [�� � �  b� �h� ���o� o� a�� {��� }  X [�� � ��� � wh�r� 

��� �� a ra��o�a� ��mb�r �� [�� �] wr����� �� �ow��� ��r��� U�� � 
�o �how �ha� �h� word ���a��r�� �� �rob��� 3-23 �a��o� b� 

r�p�a��d by "�o������� 

3��5� U�� ��d����o� o� n �o �how �ha� [at�bt� X · · � X [�n,bnJ �� �o� a 

��� o� ��a��r� � �o� �o����� �� �� ai < b� �o� �a�h i� 
3��6� L�� �: [a�b� - R b� ����gra��� a�d �o����ga���� a�d ��� �t � 

l (x�y� : � < x < b a�d � < y < f(x� } �  Show �ha� �t �� �orda�
��a��rab�� a�d ha� ar�a ���� 

3��7� I� f: [��b] X [��b] � R � �ontin�o�s� show th�t 

�a b �a � f(x�y�dx dy � } a } x ��x�y�dy dx. 

��n�� �o�p��� J � �� �wo d���r��� way� �or a ����ab�� ��� 

� C [a�b] X [a� b] �  
3��8� � U�� F�b����� �h�or�� �o g��� a� �a�y proo� �ha� Dt�d � Duf 

�� �h��� a�� �o�����o��� H�n�: I� D1�d(a) � D2� �(a) > �� 

�h�r� �� a r���a�g�� � �o��a����g a ���h �ha� D�.d � D2� �  > 
� o� � �  

3��9� U�� F�b����� �h�or�� �o d�r��� a� �xpr����o� �or �h� �o���� o� 

� ��� o� R3 o�t�ined b� ���o����� a Jo�dan�m�as�ra��� s�t in �h� 

���p�a�� a�o�t th� z�ax�� 
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3�30� L�� � �� �h� ��� �� �r�bl�� �-��� �h�� �ha� 

ho,�� � ho� �� �c(x�y�dx� �y = ho� �� � ho� �� �c(y�x)dy� �x �  � 

bu� �ha� � [O ��JX[O ��� �c d��s ��� �x���� 

3�31� I� A = [���b�] X · � � X [��,b�] a�d �� A � R �s ������u�us� 
d���� �� A � R b� 

��x) �  �� X · � • X ������� 
Wha� �� D��(x)� ��r x �� �h� ����r��r �� A ?  

����� " ��� �� [��b] X [��d] � R �� ������u�u� a�� �upp��� ��! �� ����

t��u�u�� ����� �(�) = ���(x�y)�� �r��� ��ibni���� r���: ����) 
= ���������)�� Hin�: �� y) = ������y)� = ��� �����(x�y)�y + 

f����) )�� ���� pr��� ���� ���� �ha� ������u��� �� ��! �a� �� 

��p�a��� �� �������ra��� ��a��r ��p��h������  

����� �� �: [��b] X [��d] � R i ������u��� a�� ��! �� ������u�u�� ����� 

�����) �  ������y���� 
�a� F��d D�� a�d D2�� 
�� I� �(x) � ��<�>�(�,x)��, ��d ��(x) � 

3�34�"  L�� g�,g� � R � � R b� ������u�u�l� d���r����abl� a�d �upp��� 
D�g� �  D�g�� A� �� Pr�bl�� 2�2�� l�� 

f(x,y) = /ox Y� (�,�)�� + � 7 g�(x,�)��. 

�h�� �ha� D�f(x,y) = �� (x,y) � 
����� " ��� ��t �:  R" � R" �� � �����r tra����������� �� ��� �� �h� ����

������ t�p�� � 

3�36� 

{ g(��) = �� 
g (��) � ��� 

� g(��) �  �� 
g���) �  �� 
g(��) � ��� 

� � i� � 

I� � �� a r���a�gl�� �h�� �ha� �h� ��lu�� �� g (�� �s ld�� �l � v(�� .  
�b) Pr��� �ha� �d�� �l · v (�� �� �h� ��lum� �� g(�) ��r a�� l���a� 

�ra�s��rma���� �� �� - ��� H�n�: I� d�� g ¢ �� �h�� g �s �h� 

��mp������� �� l���ar ��a�s��rma����� �� �h� ��p� ���s�d���d �� ��) �  

�Ca�al��r��� pr����pl�) �  L�� � a�d B b� ��rda��m�asurabl� sub�

���� �� R�� L�� �e = { (x,y) � (x�y,�) E A � a�d d���� �e s�m�la�l�� 
�upp��� �a�h A e  a�d Be ar� ���da��m�a�urabl� a�d ha�� �h� sam� 
ar�a� �h�� �ha� A a�d B ha�� �h� �am� ��lu��� 



I�tegrat�o� �� 

P�R T�T�ONS OF UN�T� 

�n ��is s�c�ion w� in��oduc� a �oo� o� �����m� impo��a�c� i� 
��� ���o�y o� in��g�a�ion� 

3�11 Theorem� ��t A C Rn an� let e b� an op�n cov�� of A �  
Th�� th��e �s a coll�ct�on � of c� junct�ons � d��n�� �n an op�n 
set conta�n�ng A �  ��th the follo��ng p�op��t�es� 

� � �  �o� each x E A �e have 0 < �(x) < � �  
(2) �o� �ach x E A th��� �s an op�n s�t V conta�n�ng x such that 

all bu� �n�t�ly many � E � a�� 0 on V. 
�3� �o� �ach x E A �� hav� �94�(x) = � �by (2) �o� �ac� x 

��is sum is �ni�� �n som� op�n s�� con�aini�g x) . 
� 4� �o� �ach � E � th��e �s an op�n s�t � �n e such that � = 0 

outs�� of som� c�os�� s�t conta�n�� �n �� 

�A co���c�ion � sa�is�ying � � �  �o �3) is ca���d a C� �artitio� of 

unity �o� A �  � �  � a��o sa�is��s �4� , i� is said �o �� sub

ordi�at� �o ��� cov�� e� �n ��is c�ap��� w� wi�� o��y us� 
con�inui�y o� ��� �unc�ions �� ) 

P�oof� Cas� � �  A �s compact� 
T��n a ��i�� num��� � 1 �  � � � , � n o� op�n s��s in e co��� A�  

�� c��a��y su�c�s �o cons��uc� a pa��i�ion o� u�i�y subo�dina�� 
�o ��� cov�� { � 1 �  � � � , U n } �  W� wi�� ��s� �nd compac� 
s��s Di C Ui w�os� in���io�s cov�� A �  T�� s��s Di a�� con
s��uc��d induc�iv��y as �o��ows. �uppos� ��a� D1 ,  � � .  ,Dk 
�av� b��n c�os�n so ��a� { in���io� D� ,  � � �  , in���io� Dk, 
� ��I, � � � � � � }  cov��s A�  ��� 

C�+t = A � (in� Dt U · � � U in� D� U ���� U · � � U Un) . 

T��n C�+� C U�+l i� com�ac�� ���c� ���ob��� �-22) w� ca� 
�nd a com�ac� s�� D�+t �uc� ��a� 

C�� � C in���io� D�+� and D�+l C U�+�· 

�aving cons��uc��d ��� s��s Dr �  � � �  ,Dn , ��� �i b� a non
n�ga�iv� C� �unc�ion w�ic� is posi�iv� on Di and 0 ou�sid� o� 
som� c�os�d s�� con�ain�d i� �� (��ob��m 2-26) � �inc� 
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{ D�,  � � �  ,Dn } �ov��s A ,  w� �av� �� (x) + � · · + �n�x) > 0 
fo� a�� x in som� o��n s�� � con�aining A .  On U w� can d��n� 

�i�X) = Vi�X) 
� 

�� �x) + · · · + �n(x) 

�f �� U � �0 , 1 �  is a C� func�ion w�ic� is 1 on A and 0 ou�sid� 
of �o�� clos�d s�� in U, ���n � � { f · ��� . � � ,� · �� } is ��� 
d������ �a��i�ion of uni�y� 

Cas� �� � = A � � � � � A � � · � · � �he�� each A i �s 
c�mpact and A� C �nte���� A�+I· 

�o� �ac� � ��� 0� consis� of all � � �in���io� A i+ 1 � A i-2� 
fo� � in 0� T��n O� i� an o��n co��� of ��� compac� s�� 
Bi = A� � in���io� Ai-l� �y cas� � ����� is a pa��i�ion of u���y 
�i fo� B�, �ubo�dina�� �o 0�� �o� �ac� x E A ��� sum 

��x) = � ��x) 
< � ��� �ll � 

is a �nit� sum in som� o��n s�� con�aining x� sinc� �f x E A i w� 
�av� ��x) = 0 fo� � E �� wi�� j > � + 2�  Fo� �ac� q in 
�ac� ��, d��n� �' (x) � ��x) /�(x) � T�� co���c�ion o� a�� �� is 
��� d�si��d �a��i�ion of uni�y� 

Cas� 3� A �s op�n� 
��� A� = 

{ x  E A �  �x l < � and d���anc� f�om x �o bounda�y A > �/� } � 

and ap��y ca�� 2� 
Cas� ��  A �s a�b�t�a�y� 
��� B b� ��� union of a�� U in 0. �y cas� 3 ����� is a pa�

�i�ion of uni�y fo� B ;  ��is is a�so a �a��i�ion of uni�y �o� A �  I 

An im�o��an� cons�qu�nc� of condi�ion �2) of ��� ���o��m 
s�ou�d b� no��d� ��� C � A b� compac�� Fo� �ac� x E C 
����� is an o��n s�� Vx con�aining x suc� ��a� on�y �ni���y 
many � E � a�� no� 0 on V x· �inc� C �s com�ac� , �ni���y 
many suc� Vx cov�� C� T�us on�y �ni���y many � E � a�� 
no� 0 on C� 

On� impo��an� a���ica�ion of pa����ions o� un��y wi�� ���us
��a�� ���i� main �o����i�cing �og����� ��su��� ob�a�n�d �oca��y� 
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�n op�n �o��� 0 o� an op�n s�t A � R n �s admiss�b�� �f 
�a�� U E 0 �s �onta�n�d �n A �  �f � �s subo�d�nat� to 0� 
f: � �  R �s bo�nd�d �n som� op�n s�t a�ound �a�� po�nt of A, 

a�d �� �  f �s d�scon��n�ous at � }  �as m�asu�� 0, t��n �ac� 
�A � · � �� ���s�s� W� d��n� � �o b� ����grab�� ��n ��� ����nd�� 
s��s�� �f �<E�� A � � �J l �onv��g�s �t�� p�oof o� T��o��m 3-1 1 
s�ows t�at t�� ��s may b� a��ang�d �n a s�qu�nc�� � T��s 
�mpl��s �on���g�n�� of �<E�� J A � � �� � and ��nc� absolut� �on
���g�n�� o� �� E �J A � • j� w���� w� d��n� to b� � �f� T��s� 
���n���ons d� not d�p�nd on 0 o� < (��� ��� ��o���� 3-38� � 

3-1� Theore�� 
��� I� � i� another p�r����on of un�ty� �ubord�n�te to �n �dm���

�i�l� cove� 0� o� A � th�� �� � w �A � • � �� �l�o converge�� �n� 

�2� If A an� f are �ou�de�, then � i� integr��le �n the exten�e� 
����e� 

�3� If A i� Jordan-me��ur��le �n� f i� �oun�e�, the� th�� de�ni
�i�� of � �� ag�ee� w��h �he �l� ��e� 

�roo� 
��� ��n�� � � f � 0 ����pt on so�� �ompa�� s�� �� and t���� 

a�� only �n�t��y many � w���� a�� n�n-z��o o� �� w� �an 
w���� 

T�s ��s��t, app���d t� ��� �  s��ws t�� �on���g���� of �<�� 
��E�� A � � � · � �� � and ��n�� o� �<E��Ew�J A � � � � �l � 
T�s a�s���t� �on���g�n�� �ust���s �nt����a���ng t�� o�d�� 
�f s��mat�on �n t�� abo�� �q�at�on ; ��� ��s��t�ng do��l� 
��� �l�a��y �q�a�s �� E ��A � � �� ��na��y, t��s ��sul� 
a�����d �o �f� ��o��� ��n�������� �� ��E �J A � � �f� � 
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�2� �� � �s �onta�n�d �n t�� ��os�� ���tang�� � and �f(x) j � � 
�o� x E ��  an� � � � �� �n���, t��n 

� q • If! � � � � q � �j � q � ����� , 
� � E F �E F 

��n�� ��EF q � � �n � �  
��� �� � > 0 ����� �� ���o���m ���2� a �ompa�t �o��an-��a�

��a��� � � � s��� t�a� I ��� � < �� T���� a�� on�y 
�n�t��y �any q E � w���� a�� non-z��o on �� �� � � � 
�s any �n��� �o����t�on w���� �n���d�� t��s�, an� I �� �a� 
�t� o�d ��an�ng, t��n 

��ob�ems� ����� (a) Suppose that f: (0, 1) � R i� a non-�eg�tiv� 
co�ti�uous f��ctio�. Show t��t � ��� ��/ exi�t� � �nd ��ly � 
�im ����j ex�sts. 
e�o 

(b) L�t A� � [1 � � �2�� 1 � 1 �2�+�] . Suppose t�at /: (0� 1) � R  
sati��es � ��/ � ( � 1)� �n a�d f�x) = 0 �or � E a�y A�. Show th�t 
� ��� ��/ d�es ��t exist� but �im � (e�� �e) f = �o� �� 

e�o 

����� Let A� be a c�ose� set co�ta��e� i� (n, n + 1). �uppose that 
f� R �  R satis�es � ��� = ( � 1�� �n a�d f = 0 fo� � E a�y A� � 
Fin� t�� partitio�s of u�ity � a�d �� such that �� E i � R � • f a�� 
�� � w � R � � f co��er�e a�so�ute�y to ���ere�t �a�ues. 

���NGE OF ��R��BLE 

�� g :  [��b] � R �s �on��n�o�s�y d�����nt�a��� and j�  R � R 
�s �on��nuo�s, t��n, as �s w��� �nown� 

g�b} b � � = � �� � g� � g�� 
g��) � 
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T�� p�oof �s v��y s�mp�� � �� �� = f, t��n �� o g� � = �� � g� · g� ; 
t��s ��� ���t s�d� �s F�g�b��  � F�g�a� � ,  w���� t�� ��g�t s�d� �s 
� o g�b� � � o g��� = ��g�b�� � ��g(a�� � 

W� ��av� �t to t�� ��ad�� to s�ow t�at �� g �s ��� � ���n t�� 
ab�v� ���m��a �an �� ���t��n 

� f � � � o g · I g� � · 
�((��b�� (��b� 

��ons�d�� s�pa�at��y t�� �as�s ����� g �s �n���as�ng and w���� 
g �s d����as�ng.� T�� g�n��a��zat�on o� t��s fo����a to ��g��� 
d���ns��ns �s by no ��ans so t��v�a�� 

3��3 The��e�� Le� A C Rn be an open �e� �n� g �  A �  R� 

a ��� �  �on��nuou��y ���eren��ab�e �un���on �u�h �h�� �e� g' (x) 
� 0 for a�� x E A � If f� g�A� � R �� �n�egra��e� �hen 

� � = � �f o ��!d�t g� � · 
�(�� 

������ W� b�g�n w�t� s�m� �mp��tant ��duct�ons� 

� . ��ppos� t���� �s an adm�ss�b�� �ov�� e �o� A suc� ��at 
fo� �ac� U E e an� any �nt�g�ab�� f w� �a�� 

� f = � �f o �� �d�t g� � � 
g�U) u 

T��n t�� t��o��m �s t�u� fo� a�� of A �  (S�n�� g �s auto
�at��a��y ��� �n an op�n s�t a�ound �ac� po�n�, �t �s no� su�
p��s�ng t�a� t��s �s th� on�y pa�t of t�� p�oof us�ng ��� fa�t 
t�at g �s ��� on a�� of A�)  

Proof o� ��� �  T�� �o����t�on of a�� g( U) �s an op�n cov�� of 
g��� �  ��t � b� a pa���t�on �f un�ty subo�d�nat� to t��s co���� 
�f q = 0 ��ts�d� �f g�U� ,  ���n, s�n�� g �s ���� �� �av� �q � f) � g 
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� 0 ou�s�d� of U� �����fo�� ��� �q�a���n 

� � · f = � [ �� · � � �] jd�� �' � · 
a(U) 

�a� b� ������� 

����� 

� f = � � � f = � � [ �� .�  � �� jd�� �� � 
a�A� � � � � � � A 

= � � �� � �� �� � �� jd�� �� j 
� � �  A 

= � �f � �� �d�� �� j � 
A 

Remark� ��� ������� a�so f����ws f�o� ��� assu�p��on 
��a� 

�, f = � �f � �� jd�� �� � 
a-•(V) 

�o� V �� so�� ad��ss�bl� ����� of ���� �  ���s �oll�ws f�o� ��� 
app���d �� ���• 

2� I� s����s �� p�o�� ��� ���o��� fo� ��� f�n���o� f = � �  
Proof of ��� � I� ��� ���o�e� �o�ds f�r f = � �  �� �o�ds fo� 

�o�s�a�� �un���o�s� ��� V be a ����an��� �n ���� and P a pa�
����o� of V� �o� �a�� s�b����a�gl� S �� P �e� f s b� ��� �o�
s�a�� ������o� �� ��� � ���� 

L�j,P� = � ms�� · v��� � � � fs 
S S int S 

� � � ��s � �� � de� �� < � � �f � �� �d�� �� � 
S a�� (int S� S a�� ��n� S� 

< � �� � �� �de� �� � � 
a��(V) 

��n�� I �� �s ��� ��as� upper b�und of a�l ���,P� ,  ���s pro��s 
��a� I �f < Ia�� (�> �f o �) � det �'! � � s����ar ar�u�en�, le�t�n� 
is = Ms�f� , s�ows ��a� I �� > Ia�1 ( V) �f 0 �) j de� �' � � ��� 
��sul� �ow f�llo�s fro� ��� ab�v� �e�ar�� 
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3. If ��e ��eo�e� �s ��ue fo� g :  A �  Rn and fo� h :  � � Rn, 
��e�e g(A) � �� ��en �� �s ��ue fo� h o g : A �  Rn. 

�roo� o� ��� � 

� � = 
h � u( A) 

� � = �� o h) �de� h'� 
h(g(A)) 

= � [(� o  h) � g] . f �de� h'� � g] � �de� u' � 
A 

= � � o (h o u) � de� (h o g) ' � . 
A 

�� ��e ��eo�e� �s ��ue �f g �s a l�nea� ��ansfo��a��on� 
�roo� o� �4� � �y ��� and �2� �� su��es �o s�o� fo� any open 

�e��ang�e U ��a� 

� � = J � de� g' � �  
u( U) 

���s �� �����e� 3�35� 

��se��a��ons �3) and ( �� �oge��e� s�o� ��a� �e �ay assu�e 
fo� any pa����ula� a E A ��a� g' (a) �s ��e �den���y �a���� � �n 
fa��� �� � �s ��e ��nea� ��ansfo��a��on Dg(a) � ��en (T-1 o g) ' (a) 
= � �  s�n�e ��e ��eo�e� �s ��ue fo� �� �f �� �s ��ue fo� T�1 o g �� 
���l �e ��ue fo� g. 

We a�e �o� p�epa�ed �o g��e ��e p�oof� ����� p�e�eeds �y 
�ndu���on on n� ��e �e�a��s �efo�e ��e s�a�e�en� o� ��e 
��eo�e�� �oge��e� ���� ��� and �2� � p�o�e ��e �ase n = 1 .  
�s�u��ng ��e ��e��e� �n d��ens�on n � �� �e p���e �� �� 
d��ens�on n� �o� ea�� a E A �e need only �nd a� open se� 
U ���� a E U � A fo� ����� ��e ��eo�e� �s ��ue� �o�eo�e� 
�e �ay assu�e ��a� g'(a) = �� 

�e��e h �  A �  Rn �y h(x) = (g1 (x) � . � .  ,g��1(x) �x�) . 
��en h' (a) � �� �en�e �n so�e open U' ���� a E U' � A� 
��e fun���on h �� ��� and de� h'(x) � 0� We �an ��us 
de�ne k :  h(U') � Rn �y k(x) = (x1� � � �  �xn�t�gn (h�1(x))) 
and g = k o h�  We �a�e ��us e�p�e�sed � a� ��e �o�p�s���o� 
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�f ��� maps� eac� �f ���c� ��an�es fe�er ��a� � c��r��na�es 
�Fi�ure 3�3� � 

We mus� a��en� �� a fe� �e�ails �� �nsure ��� � � �� � func���n 
�f ��e pr�per s�r�� ��nce 

(g� o h�� ) ' (h(a) )  �  �gn� ' (a) � [h' (a) ]- �  �  �g�) ' (a) � 

�e �ave D�(�� o h-1 ) (h (a) )  �  D�g� �a� �  � �  �� ��a� k'(h(�) ) 

�  I� T�us in s�me �pen se� V �i�� h�a� E V C h ( U') , ��� 
func�i�n k �s  �� � an� �e� �'(x� � 0� �e���n� U �  k�� �V� 

�e n�� �ave g �  k o h, ��er� � �  U ��� R� an� k :  V ��� R� 
an� h �U) C V� �y �3� i� su�ces �� pr�ve ��� ��e���m f�� h 

an� k. �e �ive ��e pr��f f�r h ;  ��e pr��f f�r � �� ��mi��� 
an� eas�er� 

Le� � C U be � rec�an�le �f ��e f�rm D � �a� ����� ����� 
D is a rec�an�le �n R��1 � �y �ub�ni�s ��e�r�� 

Le� ��� � D �� R��
� be �e�ne� by ��� �� � � � • � 

(g � (�\ � � � �x�� � � ����1 (x 1� � � • �x�� � � T�e� 

is clearly ��� an� 

��1� �x 
ea�� ��� 

�e� (hx�) ' �� � , � � �x��� � �  �e� h'�x\ � � �  �x�� � 0�  

��re�ver 

� � dx 1 • � � dx�� � �  � � dx � � � � ����� � 
��� � ��� � � ��� ��� 

�pply�n� ��e ��e��em �n ��� �ase � � � ��eref��e ��v�s 

� � �  � � � � dx � � � � dx�� 1� dx� 
��  W) [�����] ��� ��� 

� ��  J det(hx�) ' (� � � � � �  ���� � � !dx � •  � � dx���� dx� 
[��� ����] � 

� � �  J det h� �x 1 � � � • �x�� �dx� • � � dx��1� dx� 
[������ � 

� � lde� h' � � � 
� 

T�e c�ndi���n �e� �� �x� ¢ 0 may be �l�m��a�e� fr�m ��e 
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�yp������� �f ������� ���� �y u��ng ��� f���o��ng ���o���� 
����� �f��n p�ay� an u���p����d �o��� 

3��4� Theore� �S�r��s Theore��� ��� g� A �  R� �� con�
��n�o���� d�������a���� wh��� A � R� �� op�n� and ��� B � 
{�  E �� d�� g'��) � �� � Th� g�B) ha� ��a���� �� 

�roo�� ��� U C � �� a �����d ����ang�� �u�� ��a� a�� ��d�� 
�f U �a�� ��ng�� �� �ay� ��� � > �. �f N �� �u����n��y �a�g� 
a�d U �� ����d�d �n�o �� ����ang���� ���� ��d�� of ��ng�� �/N� 
���� fo� �a�� o� ����� ����ang��� S, �f � E S  �� �a�� 

I����) �y � �) � g�y) � g��) � � �� � � Y� � � � ��/N� 

��� a�� y E S� �f S �n�������� B �� �an ��oo�� � E S � B �  
��n�� d�� g' ��) � �� ��� ��� ��g ��) �y � �) � y E S }  ���� �n an 
�n � ���d���n��o�a� �u��pa�� V of R�� �����fo�� ��� ��� 
{ g �y) � g��) � y E S }  ���� �����n � � ��/N� of V� �o ��a� 
{ g �y) � y E S }  ���� �����n � � ��/N� of ��� �n � ���p�an� 
V + g��) � �n ��� ����� �and� �y ����a ���� ����� �� a 
������ M �u�� ��a� 

� g��) � g�y) � � M�� � Y� � M � ��/N� � 

��u�� �f S �n�������� B, ��� ��� � g�y) � y E S } �s �on�a�n�d �n 
a �y��nd�� ��o�� ���g�� �� � �� � ��/N� and ��os� �a�� �� an 
�n � ���d������ona� �p���� of �ad�u� < � � ��/N� � ���� 
�y��nd�� �a� �o�u�� � ��l/���� fo� �o�� �ons�an� �� ����� 
a�� a� �o�� N� �u�� ����ang��s S, �o g �U � B) ���s �n a s�� of 
�o�u�� � ���/N�� · � � N� � ��� · �� ��n�� ���s �� ��u� fo� 
a�� � > �� ��� ��� g � U  � B) �a� ��a�u�� �� ��n�� ���ob��� 
����� �� �an �o��� a�� of A ���� a ��qu�n�� of �u�� ����ang��� 
U, ��� d�����d ���u�� fo��o�� f��� ���o��� �-�� � 

���o��� ���� �s a��ua��y �n�y ��� �a�y pa�� of �a�d� s 
���o���� ��� ��a����n� and p�oof of ��� d��p�� ���u�� ���� 
�� fou�d �n ��7�� pag� �7� 

��ob�em�� ���9� Use T�eorem ���� to pro�e T�eorem ���� w�t�o�t 
��e as��m�t�o� de� �'��) ¢ �� 
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�-4�. �f � �  R� �� R� and det �'(�) ¢ 0, prove that in �o�e open �et 

�ontaining � we �an write � = T � �� � � � � � ��, where �� i� of 

the for� ��(�) = (� �, � � �  ,��(�), � � �  ,��), and T 
�
i� a linear 

tran�for�ation� �how that we �an write � = �� � � � � � �� if 
and only if �'(�) i� a diagonal �atrix � 

�-41� De�ne �� { � �  � > 0 }  � ( 0,2�) �� R � �y �(�, �) �  (�  �o� �, � sin �) � 

( a) �how that � i� ���, �o�pute ��( �, �) , and �how that 

det �'( �, �) ¢ 0 for all (�, �) �  �how that �( { � �  � > 0}  � ( 0,2�) )  i� 

the �et � of Pro�le� 2�23� 

(�)  �f � = ��� �how that �(�,�� �  (�(�,�) ,�(�,�) ), where 

�(���) �  ��� + ��� 

ar�tan �/� 
� + ar�tan � /� 

������ � 2� + ar�tan ��� 
�/2 
3�/2 

X > 0, � > 0, 
X <  0, 
X > 0, � < 0, 
� = 0, � > 0, 
� = 0, � < 0� 

( Here ar�tan denote� the in�er�e of the fun�tion tan � ( ��/2,�/2� 
�� R�� Find �'(�,�) � The fun�tion � i� �alled the polar coor

dinate system on � �  
� �) �et � C � �e the region �etw�en the �ir�le� of radii �� and 

�� and the half�line� through 0 whi�h �ake angle� of � � and �� with 

the ��axi�� �f � �  � �� R i� integra�le and �(�,�) �  �(�(�,�) , �(�,�) ) �  

�how th�t 

�t 8� � � = � � ��(�, ���� ��. 

C T� 8� 

� �� � � = � � ����, �� �� ��� 

�r 0 0 

�d� �f �� = [ � ���� � [ ������ �how that 

�nd 

� ��<������ �� �� = �� � � ����) 
�� 

�e� Prove th�t 

li� � ��������� �� �� = li� � �� <������ �� �� 
��  � 

�� 
T�  � 

C� 
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��d �on��ude that 

� � e�z� d� �  �� 
� �  

"� mathematician �s o�e to whom t�t �s as obv�ous as that tw�ce 

two �akes four �s to yo�. L�o�v�lle wa� a mathemat�cian�" 

-LORD K����� 



4 

�nte�ration on Chains 

�LGEBRA�� PREL���NAR�ES 

�f V is a ��cto� spac� (o�e� R� � w� wi�� de�ote t�� �-fo�d 
p�oduct V X � � � X V by V�. A function T: V� �  R is 
ca��ed mult�l�nea� if fo� each � with � � � � � we ha�� 

. . . 

� . . 

�v�) � T�v�� . � � �v�� . . � ,v�) 
+ T(v 1 � . . .  �v�� . . �  �v�) �  

�v�) � aT(v� � . . �  �v�� � . .  �v�) �  

A mu�ti�in�a� function T� V� �  R is ca���d a k-tenso� on V 
and the set of a�� �-tenso�s� denoted ��(V) � ��com�s a �ecto� 
spa�e (o�e� R� �f for S�T E �� (V) and a E R w� d��ne 

(S + T) (v� � . . .  ,v�) � S(v� �  � . �  �v�) + T(v� � . � .  �v�) �  
(aS) (v1 � . . .  �v�) � a � S(v1 � . . .  �v�) .  

T�e�e is a�so an ope�at�on connect�ng th� �a��ous s�aces �� (V) .  
�f S E �� (V) and T E ��(V) , we d��ne the tenso� p�oduct 

S ® T E ;������ by 

S ® T(v � ,  . . .  �v� �v��� . . .  �v���) 
� S(v1 � . . .  �v�) · T(v��� � . . .  �v���) .  

75 
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Note that �he o�de� of the facto�s S and T is c�ucia� he�e �ince 
S ® T and T ® S a�e fa� ��o� equa�� The fo��o�ing p�op
e�ties of ® a�e �ef� as easy e�e�cises fo� the �eade�. 

(S 1 + S 2) ® T = S 1 ® T + S 2 ® T� 
S ® � T 1 + T 2) � S ® T 1 + S ® T 2� 

�aS) ® T � S ® (aT) = a(S ® T) �  
(� ® T) ® U = S ® (T ® U) . 

�o�� �S ® T) ® U and S ® ( T ® U) a�e usua��y deno�ed 
si�p�y S ® T ® U ;  hi�he��o�de� p�oduc�s T 1 ® · · · ® T r 

��e de�ned s��i�a��y� 
�he �eade� has p�obab�y a��eady no�iced �ha� 3 � ��) is �us� 

�he dua� space �*� �he ope�a�ion ® a��o�s us �o e�p�ess �he 
o�he� ve��o� spa�e� 3� (�) �n �e��� of 3 1��) .  

4�1 T�eo�e�� ��� � � �  . � � ,v� b� a ba�i� �or V�  and ��� 
<� � � �  �<� b� �h� dua� ba�i�� c�(v�) = ���� Th�n �h� ��� o� a�� 
k��o�d ��n�or produc�� 

�� a ba��� �or 3� (�) �  wh�ch �h�r��or� ha� d�m�n��on n� � 

P�oof� No�e �ha� 

c�1 ® . � � ® c����Vju . � � �Vj��� 
= ��� rjl • 

= { � 

� � � � ��� "�� 
�f �t = �t�  � � �  
othe���se� 

If w�� � � �  �w� a�e k vec�o�s �i�h W� � 1a���� and � is in 
3� ��) �  ���n 

� 

� 

a1 � · � J �  i�� . . �  � � 
� � � � � � 

� T���u � � �  ������ · c�� ® � � · ® c��� (�t �  � . � �w�� .  
�!� � � �  ��� = � 
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�uppos� no� that th��� a�� numb��s a�� � � . � �� suc� �ha� 
� � 

it, � � �  ��k � �  
a � � � � � � � � � 0 ��� � � � � �" � � 

Ap�ly�ng bo�h s�d�s of �h�s �quat�on �o (vi� � � 

ai� � � . � �  �� = 0� T�us �h� ��� ® � � · ® ��� 
�nd�p�nd�n�� I 

� . ,����� y��lds 
ar� l�n�a�ly 

�n� ��po��an� cons��uct�on, fam�l�a� fo� �h� cas� of dual 
spac�s� can also b� �ad� fo� t�nso�s. If �� V � � �s a l�n�a� 
��ansfo�ma��on� a l�n�a� ��ansfo�ma��on �* � �� (W) � �� �V) 
�s d��n�d by 

�*T�v � �  � � .  �v�) = T(�(v � ) �  . . �  �j(v�) ) 
fo� � E ����) and �1 , � � �  ��� E V� I� �s �asy �o v���fy 
�ha� �*�S ® �� = �*� ® �*T� 

��� ��ad�� �s al��ady fam�l�ar ���h c��ta�n ��nso�s� as�d� 
f�o� ���b��s of V*� Th� ��s� ��ampl� �s �h� �nn�� p�oduc� 
��� E �2�R�� �  �n �h� grounds �ha� any good ma�h�ma��cal 
co�modi�y �s �o��� g�n��al�zing, �� d��n� an inner product 

on V �o b� a ����nso� � such �ha� � �s symmetric, �hat �s 
T(��w) = T(w��) for ��w E V and such �ha� � �s positive

de�nite� �ha� �s, T����) > 0 �f v � 0� W� d�st�ngu�sh � ,� as 
�h� usua� inner product on ��� Th� follo��ng �h�o��m 
sho�s �ha� our g�n��al�za��on �s no� �oo g�ne�al� 

��� Th�o��m� �� � is an inne� product on V� there is a 
basis v 1 � . . �  ��� �or V such that �(�� �vi) � ��i� (�uch a 
basis is called orthonormal with res�ect to ��) Consequen�ly 
there is an is�morphism �� �� � V su�h that � T(�(�) �j(y) ) �
���y� �or ��y E ��� In o�her w��ds �*T = �,�� 
Proof� ��� w� �  . . �w� b� any bas�s �o� V. ���n� 

� Wt = Wt, 

� w� = w� �

��c. 
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I� �s �asy �o ch��� �ha� T�w��w�� � 0 �f i F � and w� F 0 so 

�ha� T�w��w�) > 0� �o� d��n� vi = w��T(w��w�� � �h� 
�somo�ph�sm � may b� d��n�d by �(ei� = Vi� I 

��sp��� ��s ���o��an��� �h� �nn�� p�od�c� plays a fa� l�ss�� 
�o�� �han ano�h�� fa��l�a�� s��m�n�ly ub�����o�s func��on , 
�h� ��nso� d�� E ���R�� �  In a���mp��n� �o ��n��al�z� �h�s 
f�n���on� �� ��call �ha� �n���chan��n� ��o �o�s of a �a�r�� 
�hang�s �h� s��n of ��s de���m�nan�� �h�s s����sts �h� fol
lo��n� d��n���on� A ����nso� � E ���V� �s call�d a�ternatin� 

�f 

� � � �vi, . . �  �v�, 
� � ��� � , . 

. ���� 
�� � � . . ���� � � � ���� 

for all v �, � � � ��� E �. 

�In �h�s �qua��on Vi and �� ar� �n��rchan��d and all o�h�� ��s 
a�� l�f� ���d�) �h� s�� of all al���na��n� ����nsors �s cl�arly 
a s�bspac� ���V� of ��(V� . S�nc� �� r�q��r�s cons�d�rabl� 
�o�� �o p�od�c� �h� d�t��m�nan�, �t �s no� surpr�s�n� that 
al���na��ng ����nsors a�� d��c�l� �o �r�t� do�n � �h�r� �s, 
ho������ a �n�form �ay of e�pr�ss�n� all of th�m� �eca�� 
�ha� �h� s��n of a p��m�tat�on u �  d�no��d s�n u� �s + � �� u �s 
���n and � � �f u �s odd� If T E �� �V� �  �� d��n� Al��T) by 

Al�(T� �� 1 , � � �  ���� = � sgn u · T(v��� � � � �  �"� � •> � �  
� E �k 

�h��� �� �s �h� s�� of all p��m��a��ons of �h� n�mb�rs � �o �� 

4�3 Th�o��m 

( � �  �f T E ��(�� �  then Alt�T) E ��(V� . 
��� �� � E ��(V� � then Alt��) � �� 
��) �� T E �� (V� � then Alt(Alt( T)) � Alt(T) �  

�roof 

( � �  ��� (i��) b� �he pe�mu�a��o� �ha� �n�e�chan�es i and � and 
l�aves all o�he� n�mb�rs ���d� If u E ��� le� u� � 
u � � ���) � �h�n 
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�l� � �� �� � , � � �  ,�� , � � �  ,��, � � �  ,��� 

= 2 sgn u · ����� �� , � � �  ,����� � � � �  ,�� ��� � � � � �"� <�> � 
� E �k 

= � sgn u � ������ � � , � . .  k l  
� E �k 

1 � = k � � sgn u � ����� � � � , 
�� E �k 

= � �l� � �� �� � �  � � �  ,��� �  

�2� I� � E ��(V) �  �n� u = (i��� � then � ����� � ,  � � �  ,��� �� � = 
�gn u · � ���, � � �  � ��) �  S�nce e�e�y u �s � ��o�uct o� �e��
�u��t�on� o� the �o�� (i��� � th�� e�u�t�on hol�� o� �l� �� 
The�e�o�e 

��t ��� �� � � � �  �v�) = 2 sgn u · � ��� � � � , . � .  ,�� �� � � 
� E �k 

= 2 sgn u · sgn u � ���� � . .  ,��) 
� E �k 

= ��� � � � � � �v�) � 

��) �ollows ���e����ely ��o� �� � �n� �2� � � 

�o �e�e���ne the ��mens�ons o� ��(V) �  we woul� l�ke � 
�heo�e� �n�logous �o �heo�e� ��1 � O� cou�se, �� � E ��(V) 
�n� � E ��(V� � then � ® ' �s usu�lly no� �n ���� (V)� We 
w�ll �he�e�o�e �e�ne � new p�o�uc�, �he wedge p�o�uc� 
� A � E � ���(V) by 

�k + �� � 
� A � = � � � l  �� � � � ® '� � 

���e �e�son �o� ��e s���nge coe�c�en� w�ll �ppe�� l��e�� � ��e 
�ollow�ng p�ope���es o� A ��e le�� �s �n e�e�c�se �o� �he �e��e� : 

��� + � �) A � = �� A � + ��  A �� 
� A (� � + ��) = � A � + � A �� � 

�� A � = � A a� � ��� A �) � 
� A � = (� � )��� A �� 

f� �� A �� = f�(�� A f�(�) � 
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T�e eq�a��o� (� 1 �� 1 0 �  � 1 (� 1 0) �s ��ue �u� 
�eq���es �o�e wo�� . 

4�4 �heorem 

� � )  I� S � 3k
(�� a�d T � 3z( �� �nd �lt(S) �  0, th�n 

� �t(S ® T� �  �lt(T ® S� �  0� 

��) �lt(�lt(� ® �� ® 0) �  Alt(� ® � ® 0� 
�  �lt(� ® �lt (� ® 0) ) �  

(�� I� � �  Ak
(�� � � � A���� ,  and 0 � Am( �� ,  th�n 

�� 1 �) 1 0 �  � 1 (� 1 0� 
�  

(k + l + m� � 
� lt(� ® ® 0) � 

k � Z � m � � 

Proo� 

� 1 �  

�k + l� � � lt�� ® T� �vb � � �  ,�k+�� 

� sg� � �  S(v�� � � , � � �  ,V��k� � � T(V��k� �� , � � � ,V� �k+�� � � 
� +I 

�� G � �k+� co�s�s�s o� all u ���ch leave k + 1 ,  
k + l ��ed� �he� 

� � � ' 

� sg� � � S(V� � �� ' � � � ,V��k� � 0 T(V��k+ �� ' � � � ,V��k+�� � 
� E G  

�  � � sg� u' � �(va� � � � ,  � � �  ,va� �k�� � � T(vk+�,  � � � ,vk��� 
u' E �� 

�  0� 

S�ppose �ow ��a� u0 � G� �e� G � uo �  {u � uo : u � G } 
a�d le� V�o � �� � � � � ,V�� �k��� �  WI, � � �  ,Wk��� �he� 

sg� ( �  �(v� � �� , � � �  ,V��k�� � T(v��k+�� , � � � ,V��k��� �  
� 

�  [ sg� uo � � sg� u' � S(w��� �� , � �  ,Wa� �k� � � 
u� E G 

�  0� 
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�otic� that G � G · �0 = �� In fact, �f u E G � G � �0, 
th�n u = u' � u0 fo� so�� u' E G and uo = � � ��'��� E G� 
a cont��d�ction� W� can t��n con��nu� �n thi� �ay, 
���ak�ng S��� up �nto d�s�oint su�s��s � th� su� ov�� �ach 
su�s�t is 0, so t�a� th� sum ov�� ���� is 0� Th� ��lation 
Alt(� ® S� = 0 �s p�ov�d s��ila�ly� 

�2� W� hav� 

Alt (Al�(� ® 0� - � ® 0) = Alt (� ® 8� � Alt �� ® O� = 0� 

H�nc� �y � 1 �  �� hav� 

0 = Alt(� ® �Alt (� ® 0) � � ® O] � 
= Alt(� ® Al�(� ® 0� � � Alt(� ® � ® 0) � 

Th� ot��� �quality �s p�ov�� s��ila�ly� 

(k + l + m� ! 
��) (� � 7� � 8 = (k + l� ! m !  

Alt� (� � 7� ® 0� 
�  (k + l + m� ! (k + l� ! � 
� (k + l� ! m ! k ! l !  

A t(� ® 7 ® 0) . 

Th� oth�� �quality is p�ov�d si��la�ly� � 

�atu�ally � � �7 � 0) and (� � 7� � 0 a�� �oth d�not�d 
s�mply � � 7 � 0� and high��-o�d�� p�oducts � � � � � · � �� 
a�� d��n�d s���la�ly� If v� � . � �  ,v� �s a �as�s fo� V and 

�� , � � �  ,�� is th� dual �asis, a �as�s fo� ��(V� can no� �� 
co�st�uc��d quit� �asily� 

4�5 �heorem� The �et �� �ll 

��! � � � � � ��k 

�� � b���� ��� �� (V� � wh��h theref�re h�� d�me����� 

��� � �  
k 

=
k ! (� - k� !

� 

�roof� If � E �� ( V� � 3��V) �  th�n �� can ��it� 

� = � ��� � � � �  � �k ��t ® � � � ® ��k� 
��� � � �  � �'� 
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�hus 

w � A�t��) - l a�� � � � �  � �k����G�t ® � � � ® ��k� �  
�� � � � �  ��� 

S�n�� �a�� Alt� ��� ® � · · ® ��k) �s a �onstant t���s on� o� th� 
��� � � � � � ��k , th�s� �l���nts s�an ��(V) �  L�n�ar �nd�
p�nd�n�� �s �rov�d as �n �h�or�� �-1 ���� �robl�� ��� ) �  � 

I� V has d���ns�on �� �t �ollows �ro� �h�or�� �-5 that 
��(V) has d���ns�on 1 �  �hus a�l alt�rnat�n� ��t�nsors on V 
ar� �ult��l�s o� an� non-z�ro on�� S�n�� th� d�t����nant �s 
an ��a�pl� o� su�h a ���b�� o� ��(R�) � �t �s not sur�r�s�n� 
to �nd �t �n th� �ollow�n� th�o���� 

4�6 �heorem� �e� V� � � � �  �v� be a bas�s f�� �� a�d le� 
w � ��(V) �  �f W� � �� �� �a���� a�e � ve����s i� V� �he� 

�� (a� � � � �  �a ��) � � � � � (a� � � � � ����)) 
� w(����V� � � � �������) �  

�l�arl� � � ��(R�) so � � � � d�t �or so�� � � R and � 
�(e � � � � �  �e�) � w(v� � � � �  �v�) �  � 

�h�or�� �-6 shows that a non�z�ro w � ��(V) spl�ts th� 
�as�s o� V �nto two d���o�nt �rou��� tho�� w�th w(��� � � �  �v�) 
> 0 and thos� �or wh��h w(��� � � � ���) < 0 �  �� V �� � � � ��� 
and W�� � � �  �w� ar� two bas�s and A � (a��) �s d��n�d b� 
W� � �a����� th�n V� � � � �  �v� and W� � � � �  �w� a�� �n th� 
sa�� �rou� �� and onl� �� d�t A > 0� �h�s �r�t�r�on �s �nd��
��nd�nt o� w and �an alwa�s b� us�d to d�v�d� t�� bas�s o� V 
�nto two d�s�o�nt �rou�s� ��th�r o� th�s� two �rou�s �s 
�all�d an or�en�a��on �or V� Th� or��ntat�on to wh��h a 
bas�s v� � � � � �v� b�lon�s �s d�not�d �v � � � � � �v�] and th� 



Integrati�n on ��ain� 8� 

oth�� o���ntation is d�not�d � �v � �  � � �  �v�] �  In R� w� d��n� 
th� usual or�entat�on as �� � � � � � ���] �  

Th� fact that dim � ��R�) � 1 is p�o�a�ly not n�w to you , 
sinc� d�t is oft�n d��n�d as th� �niqu� �l�m�nt w E ��(R�) 
su�h that w(�� �  � � �  ���) � 1 �  F�� a g�n��al v�cto� spac� V 
th��� is no ��t�a c�it���on of this so�t to d�st�ngu�sh a pa�t�cula� 
w � � �(�) �  Suppos�, how�v��, that an �nn�� p�oduct � for 
� is g�v�n� If v� � � � �  �v� and �� � � � �  ��� a�� two �as�s 
which a�� orthonormal w�th ��sp�ct to �� and th� mat�i� 
A � � �i�) is d��n�d �y Wi � �� �  � �i�V � � �h�n 

� 

�i� � �(��,W�) � � �i������v�� v�� 
��� � � 

� � �i����� 
� � �  

�n oth�� wo�d�, �f AT d�not�� th� t�an��o�� of th� mat�i� A� 

th�n w� hav� A � AT � I� �o d�t � � � 1 �  It follow� f�om 
Th�o��m 4�6 that �f w � ��(�) sat�s��s w(�� �  � � �  �v�) � � 1 �  
th�n w(� � � � � �  ���) � � 1 �  If an o���ntat�on � fo� � has 
also ���n g�v�n , it follows that th��� �s a uniqu� w E �� �V) 
such that w(v � � � � �  �v�) � 1 wh�n�v�� v � � � � �  �v� is an 
o�thono�mal �asis such that �v � � � � � �v�] � �� Th�s �niqu� 
w �s call�d th� vo�ume element of V� d�t��m���d �y th� 
�nn�� p�oduct � and o���ntat�on �� �ot� that d�t �s th� 
volum� �l�m�nt of R� d�t��min�d �y th� usual �nn�� p�oduct 
and usual o���ntat�on , and that � d�t(� � ,  � � � �v�) � is th� vol�
um� of th� pa�all���p�p�d spann�d �y th� l�n� s�gm�nts f�om 
0 to �ach of v� � � � � �v� � 

W� conclud� th�s s�ction with a const�uct�on wh�ch w� w�ll 
��st��ct to R�� If v � � � � �  �v��� � R� and � �s d��n�d �y 

�(�) � d�t 

V � 

V��� 
� 
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then � � � � (R�) � there�ore there �s a uniqu� z � �� such �ha� 

���z� � �(�) � det � 
V��� 
� 

This z is denoted VI X · · � X V�-l and ca�led the cross 

�roduc� o� �1 , � � . �v���· �he �ollow�ng �ro�ert�es are 
immediate �rom the de�n�t�on � 

�v(� ) X . � �  X V�(n��� � sgn u . V � X . � . X Vn��� 

VI X X av� X � � X V��1 � � � (v� X � � � X V���) , 
V� X � X (vi + vi� )  X � � � X V��� 

X Vi X � � � X V�-1 
X v/ X � � � X Vn-� � 

I� is uncommon in ma�hema�ics �o �ave a "��oduc�� �ha� 
depends on mo�� �han two �actors. In �h� cas� of �wo vec�ors 
v�� � R3� we obtain a mor� conventional look�ng �roduct, 
v X � � R3� �or this reason it is somet�mes main�ained 
tha� the c�oss p�oduc�� can be de�ned only in R3 � 

P�ob�ems� ���� � �et e�, � . �  �e� �e the u�ual �a��� of R� and let 

��� � � � � �� �e the dua� �a���� 
(a) Show that ��� � � · · � �i� ��i�� � � � �e�"� = � �  �hat � 

would the r�ght ��de �e �f the fa�tor (k + �) �/k ��� d�d not appear �n 

the de�n�t�on �f � ?  

(�� Show that q�� � � � � � ��� (v�, � � � �v�� �� the deter��nant 

VI 

of the k X k ��or of 

. � ��� � � � ���� 

o�ta�ned �� �ele�t�ng �olu�n� 

4�2� �f f� V �� V �� a l�near tran�for�at�on and d�� V = n� then 
f� � A � �V) �� A � (V) �u�t �e �u�t�pl��at�on �y �o�e �on�tant �. 
Show that c � det f� 
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4���  �f � E  An (V) �� the volu�e ele�ent deter��ned by � and J� and 

WI� � � �  �wn E V� �how that 

�� �w�� . � .  �wn� � = � det �g�;) � 
where Yi� = � �w��w;) . Hint� �f �1� � � � �v� �� an orthonor�a� 

ba�i� and W� = ���� ai�;� �how that Y�� = ���_� a��a��� 
4�4� �f � �� the volu�e ele�ent of V deter�ined by � and J� and 

f� Rn ��� V �� an ��o�orphi�� �uch that f*� = �� � and �uch that 

�f�e�� � � . .  ��(�� ) J = J� �ho� that f�� = det � 

4�5� �f � � [��� ] �� (R�)n i� continuou� and e�ch �c� �t), � � . ,c� �t) ) �� 

a ba��� for R�� �how that [c� ��) � � . .  ��� (O)J = [c � � 1 ) �  � � �  ����� ) � .  
Hint� Co���der det � �� 

4�6� (a) �f v E �2� what �� v X ?  
�b) �f �I, � � �  ����1 E �� are �inear�y independe�t� ��o� 

that �v �� � . �  ������ �I X � � · X ���I� �� the u�ual orientat�on of 
�n. 

4��� Show that every non�zero � E A��V) �� the volu�e ele�en� 

determined by �ome �nner product � and or�entat�on J for V� 
4-8� �f � E A n(V� �� a volu�e ele�ent� de�ne a "cro�s product� 

�I X � · � X �n�I �n ter�� of �� 
4-9� * Dedu�e the follow�ng propert�e� of the �ro�� produ�t �n R� �  

(a) e 1  X e �  � � e2 X e� = �e� e� X e� = �2 
e� X e2 � e� e2 X e2 = � e� X e� � �e� 
e1 X e� = �e2 e2 X e� = e� e� X e� = �� 

��� � X w � ��2w3 � �3w2��� 
+ �v�w1 � ��w3��2 

+ ���w2 � v2w����� 
��� � v X wl � � v l � �wl · l��n �l� where � = L�v�w� � 

�v X w� v� � �v X w� w� = �� 
��� �v� w X z� = �w� z X v� = �z� v X w� 

v X (w X z) = �v�z�w � �v�w�z 
�v X w) X z � �v�z�w � �w�z�v. 

(e) �v X w � = ��v�v� � �w�w� � �v�w��� 
4�1�� �� WI� � � �  ,W��I E Rn� �how that 

�w� X · � � X Wn�I � = � det �g�;), 
where Yi� = �w��w;�� H�nt: App�y Proble� �-3 to a �erta�n 

�n � ! )-di�en��onal �ub�pace of Rn� 
4-l l �  �f � �� an �nner produ�t on V� a l�near tran�for�ation f� V �� V 

�� �alled se�f-a�join� (w�th respe�t to �) �f ��x,��y) ) = ��f�x) ,y) 
for x,� E V. �� v�, . � �  ,v� �� an orthonor�al �a�i� and A � �a��) 
�� t�e �atr�� �� � w�t� re�pe�t t� th�� �a���� �h�� that a�; = a��� 

4���� �� /1� � � �  �fn�� �  �m �� �n� de�ne �1 X · � � X fn�I �  Rm �� �� 
�� /1 X � � � X fn�I��� = �1� �) X � � � X fn�I��� � ��e Prob�
�e� 2-14 to der�ve a f�r�u�a ��r ��/� X � � �� X fn�� �  when /1� 
� � � �n�� ar� d���r��t�a���� 



86 �a�cu�us on Mani�o�ds 

F�EL�S AN� FOR�S 

If p E R�, �he s�� of al� pa��s �p��) � fo� � E R�� �s  deno�ed 
R� p �  and called �he �an�en� space of R� at p� �h�s set �s 
made �n�o a vecto� spa�� �n �he most obv�ous �a�� b� de�n�ng 

(p ��) + �p��) = �p� � + �) ,  
� · (p��) = (p ���) � 

A vecto� � E R� �s often p�c�u�ed as an a��o� f�om 0 to � ;  �he 
vector (p ��) E R� P may be p�ctu�ed ���gu�e ��1 ) as an a��o� 
���h �he same d��ec��on and length, bu� ��th ���t�al po�n� p� 
�h�s a��o� goes f�om p to th� po��� p + �� and �� t�e�efo�e 

p � v 

v 

p 

F�G URE 4�� 
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de�n� p + v to b� th� end po��� of (p �v) �  W� w�ll us�ally 
w��t� �p�v) as V� ��ead � th� vecto� v at p ) � 

The v�ctor space R� � �s so clos�ly all��d to R� that many 
of t�� st��ct��es on R� have analogues on R� �· In part�cular 
the usual �nner produc� � ��� for R� � �s de�ned by �v������ � 
�v���� and t�� usual or�en�a��on fo� R�� �s � (��)�� � � � � ���) �] � 

Any op��at�on which is possible in a vector s�ac� may be 
�e�fo�m�d in each R� �� and most of th�s s�ct�on �s mer�ly an 
elabo�at�on of th�s theme� About th� sim�l�st o�eration �n a 
vecto� spac� is t�e s�lect�on of a vecto� from it. If s�c� a 
s�l�ction �s made �n each R� �, we obta�n a vec��r �eld ���g�re 
�-2� � �o be ��ec�se , a vecto� �eld is a funct�on F suc� that 
F(p) E R� � fo� each p E R�� �or each p the�e are numbe�s 
F1(p) � � � �  �F�(p) such that 

W� thus obta�n n componen� func��ons Fi : R� �  R� The 
vector ��ld F is called cont�nuous, di��r�nt�abl�� etc � �  if the 
functions Fi a�e� ��milar de�n�t�ons can be made fo� a vector 
�eld d��ned only on an o�en subs�t of R�� O�e�at�ons on 
vecto�s y�eld o��ra��ons on vector �elds wh�n a��l�ed at �ach 
�o�nt s�pa�ately� �or e�am�le, �f F and G are vecto� �elds 

F�G URE 4�� 
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and � �s a funct�on, �e de�ne 

(F + G) (p) = F(p) + G(p) � 
�F�G�(p) = �F�p) �G(p) �� 

(f · F) (p) = f(p)F(p) . 

I� F� � . . �  �F�_1 a�e vector �elds on R�� then �e can s�m��
la��y de�ne 

(F1 X � · · X F��1) (p) = F�(p) X · � · X F��1 (p) . 

�e�ta�n other de�n�t�ons a�e standa�d and usefu�� We de�ne 
the d�ver�ence� d�v F of F� as �DiFi� If �e �nt�oduce 
the fo�mal symbo�ism 

n 

� = � Di · �i� 
� � 1 

�e can ���te, symbol�cally, d�v F = ���F�� If � = � �e 
���te, �n conform�ty ��th th�s sy�bol�sm, 

(� X F) (p) = (D2F3 - D3F�) (� �) � 
+ (D3F

1 - D1F3) (�2) � 
+ (D 1F� � D2F1� (��) �� 

�he vector �eld � X F �s called cu�l F� �he names "d�ve�g
ence� and "curl� are der�ved f�om phys�cal cons�de�at�ons 
�h�ch a�e e�pla�ned at the end of th�s book� 

�any s�m��ar cons�de�at�ons ma� be appl�ed to a funct�on 
w ��th w(p) E � �(R� �) ; such a function �s called a k-form on 
R�� o� s�mply a d��eren��al form. If �1 (p) � � � �  ���(�) 
�s the dual bas�s to (� 1) �� � � �  � (��)�� then 

w(p� = � ��� � � � � � ��(p� · ��i� (�) � · · � � �i�(p� ] 
�t < . . .  <�k 

for certa�n funct�ons �i�� � � �  � i� ; the fo�m w �s called cont�nuous, 
d��erent�able, etc . ,  if these func�ions are. We shall usually 
assume tac�tly that forms and vecto� �elds a�e d��erent�able, 
and "d��e�ent�able� ��ll hencefo�th mean �C«� � th�s �s a 
s�mpl�fy�ng assumpt�on that el�m�nates the need fo� count�ng 
ho� many t�mes a funct�on �s d��e�ent�ated �n a p�oof� �he 
sum w + � � product f � w� and �edge p�oduct w � � a�e de�ned 
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�n ��� ob��o�s way. A f�nc��on � �s con��d�r�d �o b� a 0-for� 
and � � � �s also wr����n � � �� 

�� f � R� � R �s d���r�n��abl�, ���n D�(p� E � 1 (R�) �  �y a 
��nor �od��ca��on w� ���r�for� ob�a�n a �-for� d�� d��n�d by 

d�(p� (v�� = D�(p� (v� � 

L�� �s cons�d�r �n �a���c�la� ��� �-for�s d��� I� �� c�s�o�ary 
�o l�� xi d�no�� ��� �unction ��� �On R3 w� of��n d�no�� 
x �� x�� and x3 by x� �� and z� )  ���s s�andard no�a��on �as 
ob��o�s d�sad�an�ag�� b�� �� allow� �any cla�s�cal r���l�s 
�o b� ���r�ss�d by for��las of �q�ally class�cal a���aranc�. 
��nc� dx�(p� (v�) = d��(p) (v�� = D��(p) (v� = v�, w� s�� ��a� 
dx1 (p� � � � �  �dx�(p) �s ��s� ��� d�al bas�s �o (� �) �� � . �  � (��) �� 
���s ���ry �-for� � can b� wr����n 

� = l �i� � � � � � �� dx�� � � � � � dxi�. 
i� < � � �  <i� 

��� ���r�ss�on for d� �s of �ar��c�lar �n��r�s�� 

4�7 Theo�em� I��� R� � R is di�erentiable� th� 

d� = D�� · dx1 + � � � + D�� � dx�. 
In classical notation� 

�f d� = � dx� + �x� 

P�oof� d�(p) (v�� = D�(p) (v) = 1vi · D�(p) 
= 1 d��(p) (v�� · D��(p� � I 

I� w� �ons�d�r now a d���r�n��a�l� ��nc��on �: R� � R� w� 
�a�� a l�n�ar �ransfor�a��on D�(p� : R� � R�� Ano���r 
��nor �od��ca��on ���r�for� �rod�c�s a l�n�ar �ransfor�a��on 
�� : R�� � R� ���� d��n�d by 

���s l�n�ar �ransfor�a��on �nd�c�s a l�n�ar �ransfor�a��on 
�* � ��(R����� ) � �� (R��) . If � �s a �-for� on R� w� can 
�����fo�� d���� a ��fo�� �*� on R� by ��*�� �p� � �*�����p�� � �  
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��ca�� �h�s ��ans �ha� �� Vt,  � � �  ,�� E R� �, �h�n �� ha�� 
��w�p) ���� � � �  ���) � w(��p) ) ��� ���) �  � � �  ��� ���) ) �  As an 
an��do�� �o �h� abs�rac�n�ss o� �h�s� d��n���on� �� �r�s�n� 
a �h�or��, su��ar�z�ng �h� ��por�an� pro��r���� o� ��, �h�ch 
a��o�s ��p��c�� ca�cu�a��ons o� ���. 

4�8 Theo�em� I��� R� � R� �s d���r�nt�abl� � th�n 

� � � ��i � (� ) �*(dx�) � �� D � dx� � �� �� dx� �� � �� � �x� � 
(2� �*(w � + w2) � �*�w�) + �*(�2) .  
�3) �*(� · w) � �� � �) · �*w� 
� �� �*(w � 7� � �*w � �*�· 

��oo� 

(� ) �* (dxi) �p) �v�) = dxi���p) ) ���v�) 
� �v� · D���p� �  � 
= �v� · D���p) 
� �D���p) · dx��p) (v�) � 

�h� proo�s o� (2� �  (3� � and ��) ar� ���t to t�� r�ad�r. � 

�y r�p�at�d�y app�y�ng ���or�� ��8 �� �a��, �or ��a�p��, 

�* (P dx� � dx2 + Q dx2 � dx3) � (P � �) �f* �dx�) � ���dx2) ] 
+ �Q � �) �f*�dx2) � �*�dx3) ] �  

�h� ��pr�ss�on obta�n�d by ��pand�ng out �ac� �* �dxi) �s qu�t� 
co�p��cat�d� (It �s h�lp�u� �o r����b�r, ho����r� tha� �� 
�a�� d�i � d�i � � - � )dxi � dxi = 0� �  In on� sp�c�a� cas� �t 
���� b� �orth our ����� to �ak� an ��pl�c�t ��a�uat�on. 

4�9 Theo�em� I��� R� � R� �s d���r�nt�abl�, th�n 

�*�h dx� � � � � dx�) � (h � �) �d�t f') dx � � · · · � dx�� 

��oo�� ��nc� 
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�t su�c�s to sho� that 

f*(dx � � � � � � dx�) � �d�t ��) dx� � � � � � dx�� 

��� p E R� a�d ��t A � (a��) b� t�� �a�r�� o� f'(�) �  H�r�, 
and �h�n���r co���n���� and not con�us�ng, �� sha�� o��t 
�p� �n dx� � � � � � dx�(p) � �tc. Th�n 

f* (dx� � � � � � dx�) (� � �  � � �  ���) 
� dx� � � �x�(f*�� � � � �  �f���) 

by Th�or�� �-6. I 

A� ��portant construct�on assoc�at�d ��t� �or�s �s a g��
�ra��zat�on o� th� op�rator d �h�ch chang�s 0-�or�s �nto 
�-�or�s. I� 

w �  w � � dxi� � t � �  � � �  � �� 

�� d��n� a (� + � )��or� �w� th� d��erent�a� o� w� by 

dw � l 
�� � � � �  ��� 

� l l Da(Wi1 , � � �  � ik) � dxa � dxi� � � � � � dxi�� 
� �� � � � ��� a �  � 

4��0 �heorem 

� � �  d(w + 7) � dw + d7� 
�2� If w �s a ��form and 7 �s an ��form� th�n 

d�w � 7) � dw � 7 + ( � � � �w � d7. 

�3� d(dw) � 0� Br���y� d2 � 0� 
��� If w �s a ��form on Rm and f� Rn �  Rm �s d���r�nt�abl�� 

th�n f*(dw) � d(f*w) � 
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P�oof 

�� ) ���t to th� r�ad�r� 
�2� Th� �or�u�a �s tru� �� w � dx�1 � · � � � dx�� and 

� � dx�1 � � · � � dx�z � s�nc� a�� t�r�s �an�sh. Th� 
�or�u�a �s �as��y ch�ck�d �h�n w �s a 0-�or�. Th� g�n
�ra� �or�u�a ��y b� d�r���d �ro� � 1 )  and th�s� t�o 
obs�r�at�ons. 

��� ���c� 
� 

dw � l l Da(W�1 � � � .  , ��)d�a � d��� � · � · � d���� 
�t< � · · <��c a = 1 

�� ha�� 

� � 
d(dw� � l l l Da��(W�� �  � � � � ��)dx� � dxa 

� 1 < · � � < �r a = 1 � = 1 

� dx�� � � � � � dx��� 

In th�s su� th� t�r�s 

and 

Dp�a (W�1 � � � �  , ����xa � dx� � dx�� � � · · � dx�� 

canc�� �n pa�rs� 
��� Th�s �s c��ar �� w �s a 0��or�. �uppos�, �ndu�t����y, t�at 

�4) �s tru� �h�n w �s a �-�or�. It su�c�s to pro�� �4) �o� 
a �� + � )-�or� o� th� typ� w � dx�� W� ha�� 

f*(d(w � dx�) �  � f* (dw � dx� + ( - l ��w � d(dx�) � 
� f�(dw � dx�) � f�(dw) � J�(��) 
� d(f�w � f�(�x�) )  by �2� and �3) 
� d(f�(w � dx�)) �  I 

A �or� w �s ca���d c�osed �� dw � 0 and exact �� w � d�, �or 
so�� �� Th�or�� 4-10 sho�s that ����y ��act �o�� �s c�os�d, 
and �t �s natura� to ask �h�th��, con��rs��y� ���ry c�os�d �or� 
�s ��act� I� w �s t�� 1 ��or� P dx + Q dy on R 2� th�n 

dw � (D �P dx + D2P dy) � dx + (D�Q dx + D2Q dy� � dy 
� (D�Q � D2P)dx � dy� 
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Thus� �� dw = 0� th�n D1Q = D2P� �rob���s 2�2� and �-�4 
sho� tha� th�r� �s a 0-�or� � su�h that w � d� = D� dx + 
DJ dy. I� w �s d��n�d on�y on a subs�t o� �2� ho����r, suc� 
� �un�t�on �ay not ���st� Th� ��ass�ca� ��a�p�� �s th� �or� 

w = �y dx + x dy x2 + y2 x2 + y2 

d��n�d on �2 � 0� Th�s �or� �s usua��y d�not�� d8 (�h�r� 
� �s d��n�d �n �rob��� �-� � ) �  s�n�� (��ob��� 4-2 � )  �t �qua�s d� 
on th� s�t � (x�y� � x < 0� or x > 0 ��� y ¢ 0 � �  ���r� � �� 
d��n�d� Not�� ho����r, tha� � �an�o� �� ������ �o�t�nuous�y 
on a�� of �2 � 0� I� w = �� �or so�� �u�����n �� �� � � �  R, 
th�n D� = D18 and D� = D28� �� � = � + ��������� sh���
�n� that such an � �annot ����t� 

�uppos� that w = 1�� ��� �� � � ��or� �n �" ��� � �ap���� 
to �qua� d� = �D� � dx�� �� �a� ����r�y ��u�� th�� 
�(�) = 0� As �n �rob��� ���5� �� ���� 

1 d 
��x) = � d������ d� 

0 � 
1 � 

= � � D���x� � x� d� 
0 � � 1 1 � 

= � � ����x� � x� d�� 
0 � � �  

Th�s su���sts �hat �n ord�r to �nd �� ����n w� �� cons�d�r th� 
�unct�on I w� d��n�d by 

1 � 
I w �x� � � � ��(��� � x� dt� 

0 i� � 
Not� that �h� d��n�t�on o� I w �a��s s�ns� �� w �s d��n�d on�y 
on an op�� s�t A � �� ��th th� prop�rty that �h�n���r 
x E �,  th� ��n� s����nt �ro� 0 to x �s conta�n�d �n � ;  suc� 
an op�n s�t �s ca���d star-shaped ��t� r�sp�ct to 0 (F��ur� 
4-�) � A so���hat �n�o���d ca�cu�at�on sho�s t�at (on a 
star-shap�d op�n s�t) �� ha�� w � d�Iw� p�o��d�d that w sat�s
��s th� n�c�ssary cond�t�on dw = 0. T�� ca�cu�at�on� as ���� 
as th� d��n�t�on o� I w� �ay b� ��n�ra��z�d �ons�d�rab�y � 
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�I G U R E  ��� 

4��� �heor�m (�oinc�r� L��m�)� If A C Rn is a� ope� 
set star-shaped w�th re�pect to 0 ,  the� every closed form o� A 
�� exact� 

���o�� We w��� de�ne a �u����o� I from ��forms �o �l  - 1 � �
�orms ��or ea�� Z� � �u�� ��a� I�O� � 0 ��� � = I�d�� � d�I�� 
f�� a�y form w� I� �o��o�s ��a� � = d� I �� �� d� = 0� �e� 

w � � � � �  � d��1 � � � � � dx�� �  t 1 ' � � � ' l� 
H < � � �  <� 

S���e A �s ��a��s�a�ed we �a� de�ne 

l 1 
���x� = 

� � 
( - � ) a�1 �J  tl�1Wi� , � � � , �� �tx�dt� x�� 

��< � · � < �� � � � � 
� �

dx�� � � � � � dx�� � � � � � dx�� • 

���e symbo� �� over d��� �nd�ca�es ��a� �� �� om���ed� �  ��e 
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proof t�a� w = �(d�) � ���w� �� a� elabora�e �om�u�a��on � 
We �ave, us�ng Prob��� 3�32 � 

1 
d��w) = l ·  � �� t l��w�� � � � �  � �� (t� )dt) 

��< � � � <�� � 

� � 1 
� L L L � - � ���I ( J tlDj�W�� � � � �  � �� ) (t�)dt) ��� 

��< " � <�� � � � �= � � 
/  � ���� 

d�� � d��� � � � � � d��� � � � � � d���� 

(����a�n ��y �e �ave ��e fac�or t� �  ����ea� of t�� 1 � )  We a�so 
�ave 

� 

dw � 
I I 

� �(w � � )  � d�� � d��� � J t ! �  . � .  � t� � � � 
��< � � � <�� � 1  

��ply��g I �o ��e �l � 1 )�form dw� �e ob�a�� 

��dw) 

n � 1 

L I L ( � � )��1 � � t� �� (W�� � � � �  � ��) (t�)dt) ��� 
�� < � � � <�� �� � � � � � 

/  � ���� 
d�� � d��� � � � � � d��� � � � � � d��� � 

�dd��g� ��e �����e �ums cance�� a�d �e ob�a�� 

d(�w� � �(dw) �

� 1 
� 

� I 
�J tl��D�(w�� � � � �  � ��) �t�) dt) 

�� < � � � <�� �� � � 

d��� � � � � � d��� 

w � � d��� � � � � � d��� � t � �  • � • �  t� 
��< � � � <�� 

= w� I 
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��ob�em�� ����� �a� �f �� �n - �m and ��  �m - ��� �how that 
(� � ��� = g� � �� and (� � �� * = � 0 �*� 

(�� �f f,g : �n � �, �how that d(� � �� = � � d� � � · d�� 
����� �et c �e a di�e�entia��e �u�ve in �n, that i�� a di�e�entia��e fun�

tion c: [�� 1 ] � �n. De�ne the tangent vector v of c at t a� 
c� ����) �) = ��c� � � �t)� � . � , �cn) ' �t ) ) ���� � �f �� �n - �m, �how that 
the tangent ve�to� to � � � at t i� �� (v) �  

�-��� �et �� � - R and de�ne c :  � - �2 �y c�t) � (���(��� �  �how 
that the end point of the tangent ve��o� of c at t �ie� on the 
tangent �ine to the g�aph of � at (���(�� � �  

4�16� �et c �  [�� 1 ] � �n �e a �urve �u�h that �c�t) �= 1 fo� a�� t �  �how that 

c�t)���> and the tangent ve�to� t� c at t a�e pe�pendi�u�ar� 

4�1 � �  �f �� �n - �n, de�ne a ve�to� �e�d � �y �(�� � f��)p E �np� 
(a� �how that eve�y ve�to� �e�d � on �n i� of the fo�� � for 

�o�e �� 
(�� �how that div � = t�a�e ��� 

4�1 8 �  �f �� �n - �, de�ne a ve�to� �e�d g�ad � �y 

(g�ad �� (�� = ���(�� · ��� )p � · � � � ���(�� � ��n)p� 

Fo� o�viou� �ea�on� we a��o w�ite g�ad � = ��� �f ��(�� = wp, 
p�ove that ���(�� = �v,w� and �on��ude that ��(�� i� the di�e�tion 

in wh��h � i� �hang�ng fa�te�t at �� 

����� �f � i� a ve�to� �e�d on �3� de�ne the fo��� 

w� �  �� d� � F2 d� � F3 dz� 
w� �  �� d� � dz � F2 dz � d� � F3 d� � d�� 

�a� P�ove that 

d� �  w!��d /� 
d�w�) �  ��u�� F� 
d�w�) �  (div �� d� � d� � dz� 

(�� U�e (a� to p�ove that 

�u�� g�ad � �  �� 
div �u�� � �  �� 

(�� �f � i� a ve�to� �e�d on a �tar��haped open �et A and 

�u�� � �  O� �how that � �  g�ad f fo� �o�e fun�t�on �: A � �� 
�i�i�a��y� if div � �  �� �how that � �  �u�� � fo� �o�e ve�to� 

�e�d � on A �  

���0� �et �� � � �n �e a di�e�entia��e fun�tion with a di�e�entia��e 

�nve��e �� � �( �� � �n� �f eve�y ��o�ed fo�� on � i� exa�t� �ho� 

that the �a�e i� t�ue fo� �( �� � H�nt� �f dw �  � and �*� �  d�� 
�on�ide� �� �� • � � 
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4�21 � �  Prove that on the set where � is de��ed we have 

-y  � d� = � � dx � � � � dy� � � � � y 

G�O��T��� ���L���N����S 

97 

� s�ngu�ar �-cub� �n A � R� �s a con��nuous �unct�on c :  
[�, � ]� � A  ���r� ��, �]� d�not�s t�� �-�o�d product [�� � ]  X � · � 

X [�� � ] � �  W� ��� R� and [�� � � �  bo�� d�no�� �0 } �  � s���u�ar 
0�cub� �n A �s t��� a �u�c��on �� � 0 }  � A  or, ��at a�ounts to 
t�� sa�� t��ng, a po�nt �n A �  A s�ngu�ar �-cub� �s o�t�n 
ca���d a curve� A part�cu�ar�y s��p��, but part�cu�ar�y 
��portant ��a�p�� o� a s�ngu�ar ��cub� �n R� �s t�� standard 

�-cube �� � ��, � ��  � R� d��n�d by ���x) � x �or x E ��, � ��� 
W� s�a�� n��d to cons�d�r �or�a� su�s o� s�ngu�ar �-cub�s �n 

A �u�t�p���d by �nt�g�rs, t�at �s, ��p��ss�ons ��k� 

���r� c� , c2, c� ar� s�ngu�ar �-cub�s �n A �  �uc� a �n�t� su� 
o� s�ngu�a� ��cub�s ��t� �nt�g�r co��c��nts �s ca���d an 
�-chain �n A �  �n pa�t�cu�ar a s�ngu�ar �-cub� � �s a�so con
s�d�r�d as an �-c�a�n � · c� It �s c��ar �o� �-��a�ns can b� 
add�d, and �u�t�p���d by �nt�g�rs� For ��a�p�� 

�A r�gorous ��pos�t�on o� t��s �or�a��s� �s pr�s��t�d �n �rob�
��� 4-22� ) 

For �ac� s�ngu�ar �-�ha�n c �n A �� s�a�� d��n� an �� � � �
c�a�� �n A ca���d t�� boundary o� c a�d d��ot�d �c� ��� 
boundary o� �2, �or ��a�p��, ��g�t b� d��n�d as t�� su� o� 
�our s�ngu�ar � �cub�s a�rang�d count��c�ock��s� a�ound ��� 
bou�dary o� ��, � � � , as �nd�ca��d �n F�gur� 4�4�a) � It �s 
ac�ua��y �uc� �o�� co���n���t �o d��n� ��2 as t�� su�, ��t� 
��� �nd�cat�d co��c��nts, o� t�� �our s�ngu�ar �-cub�s s�o�n 
�n F�gur� 4-4 �b) � ��� pr�c�s� d��n�t�on o� ��� ��qu�r�s so�� 
pr�����nary not�ons� For �ac� i ��t� � < i < � �� d��n� 
t�o s�ngu�a� �� � � )-cub�s ��i� �� and ���� � � as �o��o�s� I� 
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� 1  

� 1  

�1 

�a� �b� 

F�G U�E 4-4 

x E ��� � ���� th�n 

�� ( � I� ( 1 ��� � i ��1� (�� �� X X � � � � ,X , ,X � � � � ,X 
� 1 ��� � i �� �� � X , � � � �X , ,X , � � � ,X , 

I� ( � I�( 1 ��� � i ��1� ( �� 1 �  X � X , � � � ,X , ,X , � � � �X 
� 1 �-� � i �-1) � X , � � � ,x � ,X � � � � �X � 

�1 

W� ca�� I��, �� th� (�,�)��ac� o� I� and I��� � � th� (�, � ) �fac� 
(F��ur� ��5� �  W� th�n d��n� 

� 
��� � � � c � � � i+a�<�.a� · 

�=  1 � �0� 1  

Fo� a g�n��a� s�ngu�ar ��cub� c : �O� � �� � A �� ��st d��n� th� 
( �,�)-�ac�, 

and th�n d��n� 

� 

�c � � � � � l ) i�aC( �� a� � 
� �  1 a � 0� �  

F�na��y �� d��n� th� boundary o� an ��cha�n ���C� by 

A�though th�s� ��� d��n�t�o�s su�c� �or a�l app��cat�ons �� 
th�s book� �� ��c�ud� h��� th� on� standa�d prop��ty o� �� 
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���� ��� 

� ��� 
(a) ��) 

F�G URE ���) 

���� Theorem. �f c �� an n�cha�n �n A �  th�n �(�c) � 0� 
Br���y� �2 � 0� 

Proof� ��t � � � a�d co�s�d�� (��i��� ) ����� · I� � E �O�� ]��2� 
t���, �����b����g t�� d������o� o� th� (j,���fac� of a s��gu�a� 
n��� b�, �� �a�� 

(��i��� ) � �� ��� (�) � ��i��� (���� �� (�)) 
�  �� ( � ��� � � ��2� � � i ��� X � � � � ,X , ,X , � � � ,X 

�  ��( � i�� i j�� � j � X � � � � �� �� �� � � � � �� � �� � . . � � 

S����a��y 

(���+��� ) �i� �� � ���+� ��� (��i��� (�) )  
�� ( � i� � i ��2) � ��+� ��> � � � � �  �� ���� � � � �  �� 

��2) X � 

�  ��( � i� �  i ���� � � ���) � X � � � � �� �� �� � � � � �� � �� � � � � �� � 

Thus (��i��� ) {���� � (���+��� ) {i � �� fo� � � �. (It �ay ���p to 
�����y t��s �� F�gu�� ��5 �)  It fo��o�s �as��y �o� a�y s��gu�a� 
n����� c that (c� i��� ) �j ��� � (cU+� ��� ) �� � �� �h�� � � �� No� 

� 
� (�c) � � � � � ( � � ) i��C�i � �� � 

i � � � � 0� � � �� �  
� � � � � ( - � ) i������(c� i ��� ) �� ��� · 

i � �  � � 0� � j� � � � 0� � 



��� Cal�ulus on �anifol�s 

In th�s su� (C�i�� � ) �j �f� and (c�+� ��� ) �i��� occu� ��th oppos�t� 
s��ns� ���r��or� a�� t�r�s canc�� out �n pa�rs and ���c) � �� 
��n�� t�� t��or�� �s �ru� for any s�n�u�a� ���ub�� �� �s a�so 
�ru� �or s�n�u�ar ����a�ns. I 

It �s natura� �o ask ���t��r �h�or�� ���2 has a con��rs� � I� 
�� � �� �s ���r� a ��a�n � �n A such t�at c � ��? ��� ans��r 
d�p�nds on A and �s ��n�ra��y �no. � For ��a�p��� d��n� 
� �  [�� �� �� R2 � 0 �y ���� � �s�n 2���� �os 2���� � ���r� � �s 
� non-z�r� �n����r� ���n ����  � c(�� � �o �� � �� �u� 
��rob��� ��26� t��r� �s no 2���a�n c� �n R2 � �� ���� �c� � c� 

Prob�em�� �-22� �et � �e the �et �f all �ingular ���u�e�� and Z the 

integer�� An ��chain i� a fun�ti�n �� � � Z �u�h that ���) � 0 

��r all �ut �n�t��� �a�� �� ���ne � + g and nf �� �� + g)� �) � 
���) + g��) and ����) � n · ���) � ���w that � + g and n� are 

���ha�n� � � and g are� �f � E �� �et � a��� den�te the fun�ti�n � 
�u�h t�at ���) � � and ���') � � for �' � �� �h�w that �v�r� 

�-�hain � �an �e written a1�1 + · � � + ak�k �or ���e integer� 
a�� � � � �ak and �ingu�a� ���u�e� ��� � � � ��k� 

�-2�� ��r R > � a�d � an int�ger� de�ne the �ingu�ar ���u�e �R�� � [0, �] 
�2 - 0 �y �R���t) � (R ��� 2� t� R �in ��t) � �h�w that there 

i� a �ingu�ar 2-�u�e � �  [0� ��2 � �2 � 0 �u�h that �R� �� � �R��� � ��� 
�-2�� If � i� a �ingu�ar ���u�e in �2 � 0 with ��O) � ���) � ��ow that there 

i� an integer � �u�h that � � �1�� � ��2 f�r ��me 2��hain �2• 
���t� Fir�t partition �0, �] �o that ea�h ���t��z,���) i� ��ntained �n 

one �ide �f ��m� �ine through 0. 

T�E FUN�A�ENTAL T�EORE� OF �AL � UL US 

��� �a�� that �2 � � and �� � �� not to ��nt�on t�� typ��
�rap��ca� s����ar��y of � and ��  su���sts so�� conn�ct�on 
b�t���n c�a�ns and �or�s. ���s c�nn�ct�on �s �stab��s��d by 
�nt��rat�n� �or�s o��r cha�ns� H�nc�forth on�y d���r�nt�ab�� 
s�n�u�ar ���ub�s ���� b� �ons�d�r�d. 

�� w �s a ���or� �n [�� � �\ t��n w � f �x� � · � � � �x� �or 
a un�qu� �un���on f� W� d��n� 

� w � � � 
[0, l�k [0, l]k 



In����a��on on �ha�n� ��� 

W� �ou�d a�so �r��� �h�s as 

� � dx 1 � � · · � dx� = � �(x�� � � �  �x��dx 1 
�0, 1�k �0�1]• 

on� o� th� r�asons �or �ntrodu���g th� �unct�ons xi. 

· � � dx� ' 

�� w �s a ���or� on A and � �s a s�ngu�ar ��cub� �n A �  �� d��n� 

� � = � c*w� 
� �0�1�k 

����� �n part��u�a�� that 

� f dx 1 � · � � �� 
� dx� � � ���� ��� dx 1 � � �  

�0, ��k � � ��x� . � �  �x��dx 1 
��� 1�k 

A sp�c�a� d����t�on �us� b� �ad� �or � = �� A ����r� � �s 
a �un�t�o� � �� � �  � � �  �� A �s a s�ngu�ar ���ub� �n A �� d��n� 

� w = w �c�O� � � 
� 

�h� �nt�gra� o� w o��r a ���ha�n c = �aiC� �s d��n�d by 

�h� �nt�gra� o� a � ��or� ���r a � ��ha�n �s o���n �a���d a �i�� 

i���gr��� �� P dx + Q dy �s a ���or� on R2 and � �  [� � � � �� R2 

�s a s�ngu�ar � �cub� (a �ur��� � th�� on� �an (bu� �� ���� not� 
p�o�� that 

� � P dx + Q dy � ��� � [c� �ti� � c�(ti_��] � P(c�ti� �  
� � � �  

+ ���(ti� � �2 (ti�I�J · Q(c(ti�� 

�h�r� �0�  � � � �t� �s a par��t�on o� [��� ] �  �h� �h���� �� ti �� 
�ti�b�i] �s arb��rary� and �h� ����� �s ta��n ���r a�� par��t���s 
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as th� �a���u� o� � ti - t��� � go�s to � �  Th� r�ght s�d� �s 
oft�n ta��n as a d��n�t�on of f cp dx + Q dy. Th�s �s a natu�al 
d��n���on to �a��� s�nc� th�s� s��s ar� v�ry much l��� th� 
s��s app�ar�ng �n th� d��n�t�on of o�d�nary �nt�g�als� How�
�v�r such an ��pr�ss�on �s al�ost ��poss�bl� to wor� w�th and 
�s qu�c�ly �quat�d w�th an �nt�gral ��u�val�nt to f �� � � � c* (P dx 
+ Q dy) � Analogous d��n�t�ons for su�f�ce �n�eg��ls� that 
�s� �nt�grals o� 2�fo��s ov�� s�ngular 2�cub�s� ar� �v�n �or� 
co�pl�ca��d and d��cult to us�� Th�s �s on� r�ason why w� 
�a�� a�o�d�d such an approach� Th� o�h�� r�ason �s that th� 
d��n�t�on g�v�n h�r� �s th� on� that �a��s s�ns� �n th� �o�� 
g�n�ral s�tuat�ons cons�d�r�d �n �hapt�� 5� 

Th� ��lat�onsh�p b�tw��n for�s� cha�ns� d� and � �s su���d 
up �n th� n�at�st poss�bl� way by Sto��s� th��r�m� so��t���s 
call�d th� �undam�n�al th�or�� of calculus �n h�gh�r d�m�n�
s�ons (�� � = 1 and c = �� �  �t ��ally �s th� �unda��ntal th�or�� 
o� calculus) �  

4��3 Theorem (Stoke�' Theorem)� �f w �s � (k � � � 

���� �n an �p�n ��� � � R� and c �� a ��cha�n �n �, �h�n 

� dw = � w� 
� �c 

Proof� 

��� 1 ]� . 
Suppos� �rst that c = �� and w �� a (k - 1 ) �form on 

Th�n w �s th� su� o� (k � 1 )��or�s of th� typ� 

� �
f dx � 1 · � � � dx i 1 · · · � �x�� 

and �t su�c�s to prov� th� th�or�� �or �ach of th�s�� Th�s 
s��ply �nvolv�s a co�putat�on � 

Not� that 

� �7j� a� *�� dx � � � � · � �� � � · � � dx�� 
��� �k�� 

= { 
� � f(x � � � � � �a� � � � �x•�dx � � � � dx• 
��� ��k 

�� j � �� 
�� j = �� 
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T����for� 

I f �x � � . � . 
�[k 

k � � � � � ��;+a � �r��a> *(� dx� � � � 
j � � � � 0� � �0� ����� 

i� � � � � ( � 1 ) f(x � � � � � 1 � � � � 
�0� �� � 
+ ( � 1 ) i � f(x � �  � � � 

� 0� �� � 
On th� oth�� hand� 

I �(f �x � � � � 

�k 
� � D� dxi � dx � � · � � 

�0� �� � 
� ( - � ) i� �  � Dif� 

�0��� � 

��� 

�y �ub�n� �s th�or�� and th� funda��ntal t��o��� of calcu�us 
(�n on� d���ns�on) w� hav� 

� d(f dx � � · · � � �i � � � � dxk) [� 

� 

� � � 
� 

�� D�(x� 
0 

� 

� � � 

_  ( - � ) i� � I � � · � ��(x � � � �  � � �  � � � �xk) 
0 0 ���� 
- f(x � � ,�, �xk� ]�x � � � � dxi � � � �xk 

� (- � � i� � � f(x� . �  , 1 �  � �  �xk�dx � � � �  dxk 

Thus 

�0� �� � 
+ ( - � � i � f(x � � � � ,�, � � � �xk)dx � � � � dxk� 

�0� ��� 

� dw � � w. 
�� ol" 
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�� c �s an arb�tra�y s�ngular 
d��n�t�ons w�ll show that 

��cub�� wor��ng through th� 

� w �  
ac 

Th����or� 

� c*w� 
��� 

� dw � � �*(dw) � � d(�*w) � � c*w � � w� 
c I" I" ��� �c 

F�nally� �� � �s a ��cha�n ��ici, w� ha�� 

� dw � � ai � dw � � a� � w � � w� � 
� �i ac; �c 

��o��s� �h�or�m shar�s thr�� �mportant attr�but�s w�th 
�any fully ��olv�d ma�o� th�or�ms � 

� �  �t  �s t����al� 
2. �� �s tr�v�al b��aus� th� t�rms app�ar�ng �n �t hav� b��n 

prop�rly d��n�d. 
�� �� has s�gn��cant cons�qu�n��s. 

��nc� �h�s �nt�r� chapt�� was l�ttl� mor� than a s�r��s of 
d��n�t�ons wh�ch �ad� th� stat���nt and proof of �to��s� 
th�or�m poss�bl�� th� r�ad�r should b� w�ll�ng to grant th� 
��st two of th�s� attr�but�s to �to��s� th�or�m. Th� r�st of 
th� boo� �s d�vot�d �o �ust�fy�ng th� �h�rd. 

Prob�ems� 4-25� �Independence of parameterization) �  �et c �e a 

�ingular ���u�e and p �  �0� 1]� � �0� 1]� a 1�1 fun�tion �u�h that 

p (�0� 1]�) � �0� 1�� and det p� (x) � 0 for x E �0� 1]�� I� w i� a 

��form, �how that 

� w � � w� 
c c o p  

4�2�� �how that � ��� � d� � 2�n� �nd use ��oke�� theorem to �on�lude 
that �� �� ; �c for any 2-��ain c in R2 � 0 (re�all the de�nition of 

�� �� in Pro�lem 4-23) .  

4-2�� �how that the integer n of Pro��em 4-2� is unique� Thi� integer 

i� �a�led the wi�di�g �u�be� of c around 0. 
4-2�� �e�all that the set of �omp�ex num�er� C i� simply R2 �ith 

(a�b) � a + bi. If a�� . � .  �a� E � let �� � � C �e �(z) � 
z� + a�z��� � · � � + a�� �e�ne the �ingular ���u�e CR.J : 
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�0, � ] �� C � 0 �y CR�J = � � C�, 1� and �he singular 2-�u�e c �y 
c(�,t) = t · CR , � (�) + (� � �)CR ,J (�) �  

(a� �how �ha� �c = C��J - CR ��� and �ha� � (�0, � ]  X �0, �]� � 

C � 0 if R is large enough. 

(b ) Using �ro�lem 4-26� prove �he �undam�nta� ���or�m o� 
��g�bra� Every polynomial z� + a�z��� + · � � + a� wi�h a� E C 
has a roo� in C� 

4�29� �f w is a �-form � dx on [0, � ]  wi�h �(�) = �(� � , show ��a� ��ere is 

a unique num�er X su�h �ha� w - X dx = dg for some fun��ion g 
wi�h g (�) = g��) �  Hint: �n�egra�e w � X d� = dg on �0� �] �o 

�nd X� 

���0� �f w is a �-form on R � � 0 su�h tha� �w = 0, prove �ha� 

w = X d� + dg 

for some X E R and �� R 2 � 0 �� R �  Hint � �f 

CR, I *(w� =  XR � + d(gR� � 

show �ha� a�l num�ers �R have ��e same value X� 

����� �f w ; 0, show �ha� �here is a �hain c su�h �ha� � � w � 0� Use �his 
fac�� ��okes� �heorem and �2 = 0 �o prove d2 = 0. 

����� ( a� �e� c1, c2 �� s�ngu�ar ���u�es �n R2 w��h c�( 0) =  c2( 0) and c�( �� 

= c2 (�� � ��ow �ha� ��ere i a ��ngu�ar 2��u�e c �u�� ��a� �c � 
c� � c� + c3 - c4� where cs and c� are d�g�n�rat�� �ha� i� cs( [0� �]) 

and ��( [0� ��� are po�n�s� �on��ude �ha� fc�w =  �c�w � w �s exa��� 

��v� a �oun�erexamp�e o� R � � 0 � w �s �erel� ��osed� 

(�� �f w i a ��for� o� a �u�se� of R � a�d � c�w = � c�w for a�� c1, 

c2 wi�h Ct(O) = c� (0) and C� (�) = c2(1) � show �ha� w is exa��. 

H�nt: Consider Pro��ems 2��� and ����� 

����� (� �r�t cour�� �n comp��x var�ab��� � ) �f �: � �� �� de�ne � �o �e 

dif�r�ntia b�e a� z� E C if �he l�mi� 

!' ( ) �� �(z) - �(z�) z� = �m 
�� �o Z - z� 

ex�s�s� (This quo�ien� involves �wo �omplex num�ers and �his 

de�ni�ion is �omp�e�e�y di�eren� from �he one �n �hap�er 2.� 

�f � is di�eren�ia�le a� every poin� z in an open se� � and �� is 

con�inuous on �, �hen � is �al�ed ana�ytic on �.  
(a� �how �ha� �(z) = z is ana�y�i� and �(z) = � is no� (where 

x + �y = x - �y) .  �how �ha� �he sum, produ��, and quo�ien� 

of ana�y��c func�ions are analy�i�. 

(�� �f � = u + �v is analy�i� on �� show �ha� u and v sa�isfy 

�he �auc�y����mann �quat�on�� 

�u �v 
- � �
�x �y 

and 
�u - �v 

� = �
�y �x 
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Hint� Use the fa�t tha� ��m [f(z) - f(zo) ]/(z � zo) must �e the 
�� � �o 

�ame fo� � � zo + (x + i � 0) and z � zo + (0 + � � y) with 
�,y � 0� (The �onver�e is also true, if u and v are �ontinuous�y 

di�erent�a��e ; th�s is more di��u�t to prove� )  
(�) �et � :  C � C �e a linear transformation (where C is �on

�idered as a ve�tor spa�e over R) � If the matrix of � �ith respe�t 

to the �asi� (1 �i) is ��:�) �how that � is mu�tip�i�ation �y a �om

�ex num�er if and only if a � d and b � �c� Part (�) show� that 

an ana�yti� fun�tion �: C � C� �onsidered a� a fun�t�on �: R 2 �
R2, ha� a derivative Df(zo) �hi�h is mu�tip�i�ation �y a �omp�ex 

num�er. �hat �omp�ex num�er is this? 

(d) �e�ne 

d(w + ��) � dw � � d�� � w + �� � � w + � � �, 

� � c 

(w + i�� � (� � iX) � w � � � � � X + i(� � � � w � X) � 

and 

d� � dx + i dy� 

�how that d(f · dz) � � i� and on�y i� � satis�es the Cau�hy�
�iemann equation�� 

(e) Prove the �auc�y Integ�a� ��eorem� �f � is analyti� on �, 
then f � dz � 0 for every ��osed �urve c (sin�u�ar �-�u�e �ith 

c�O) � � (� ) )  su�h that c � �c' for some �-�hain c' in � .  
(f) �how that if g(�) � 1 ��� then g � dz �or (1 �z)d� in �lassi�a� 

notation] equa�� i dO � d� �or �ome fun�tion h �  C � 0 - R� 
Con��ude that f cR�n (1 �z)dz � 2��n� 

(�) If � is ana�yti� on { z �  lz l < � } ,  use the fa�t that g(�) �
f(�) �� is ana�yti� in { z :  0 < l z l  < � }  to �how that 

� dz � � dz 
CR��n �R ��n 

if 0 < ��� �2 < 1 .  Use (f) to eva�uate �im f �8,J(�) /z d� and 
R-�0 

�on��ude � 

�auc�y Integra� ��rmu�a� If � is ana�yti� on { � �  � � l  < � }  and 
c is a ��osed �urve in { z �  0 < l � l  < � }  �ith �inding number n 
around �� th�n 

� � f(z) n � �(O) � � . � dz� 
2�� z 

c 
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��� 

z. 

�b� 

F I � � R �  ��6 



��8 �al��l�s on Manifo�ds 

����� I� �� [0, � �2 � �3 ��� 8 E �0� �� de�ne �� � [0�� � � �3 �y F� �t) � 
�(8�t) . I� ea�h �� �� a �lo�ed �urve, � i� �al�ed a homo topy �etween 

the �lo�ed �ur�� � � a�d the �lo�ed �urv� � �· �uppo�e � ��� G are 
homotop��� o� �lo�ed �urve� � if for ea�h 8 the �lo�ed �urve� �� and 

G� do not inter�e�t� the pair (F�G) i� �al�ed a homotopy �etween the 

noninter���ti�g �lo�ed �urve� ��, G� and F�� G�� �t i� i�tuitively 
o�viou� that �here i� no �u�h homotopy with � �� G� the pa�r of 

�urve� �hown �� F�gure 4�6 �a) ,  a�d F�� G1 the pair o� (�� or (�� � 

Th� pr��ent pro��em� and Pro��em ��33 prove thi� for ��� �ut the 
pr��� ��r ��� r��u�re� d��erent te�hn��ue�� 

�a� �� �� g� [O��� � �3 ar� noninter�e�ting �lo�e� �urve� de�ne 

�J�� �  �0���2 � R3 � 0 by 

�J� � (��v� � f(�� - g(v) �  

I� (��G) �� a h�motop� o� �on�nt�r�e�t�ng ��o��d �ur�e� de��e 
�p�� � [0,��3 � �3 � 0 �� 

���� (s�u,v) � ������ (u,v) � �(s,u) � G�8,v) � 

���w �hat 

��� I� w �� a ��o�e� 2���r� o� �3 - 0 �how that 



5 

��te��atio� o� Ma�ifol�s 

�A��FO��S 

�� U and V ar� op�n s�ts �n R�� a d���r�nt�ab�� �unct�o� 
h �  U �  V ��th a d���r�nt�ab�� �n��rs� h�� � V �  U ���� b� 
�a���d a �������������� �����������ab��� ������o�� 
��a�� ���� �� 

A subs�t M o� R� �s ca���d a ������������� �������� ��n 
R�) �� �or ���ry po�nt x E M th� �o��o��ng cond�t�on �s 
sat�s��d � 

�M) ���r� �s an op�n s�t U conta�n�ng x� an op�n s�t V C R�� 
and a d���o�orph�s� h �  � �  V such that 

h� U � M) � V � �Rk X � � } )  
� � � E V : �k� � � . . � � �� � 0 � �  

�n oth�r �ords� U � M �s� �up to d���o�orph�s��� s��p�y 
R� X � 0 }  �s�� ��gur� 5�� ) � �h� t�o ��tr��� cas�s o� our 
d��n�t�on shou�d b� not�d � a po�nt �n R � �s a 0�d���ns�ona� 
�an��o�d� and an op�n subs�t o� R� �s an ��d���ns�o�a� 
�an��o�d� 

�n� co��on ��a�p�� o� an ��d���ns�ona� �an��o�d �s t�� 
��9 



��� C������s o� �����ol�s 

� 

v 

��� 

� 

v 

��� 

F� G UR E  ��� � A o�e-��me�s�o��� m����o�� �� �� ��� � two-��me��
s�o��� m����o�� �� ���  



�nt�gr�t�on on M�n��o��s ��� 

��s�he�e ��� �e�ne� as � x  � R��1 � �x � � 1 } �  We �eave i� 
as an e�ercise ��r ��e rea�er �� p��ve ��a� c�n�i�i�� �J�� is 
sa� �s�e�� I� y�u are un�i���n� �� �r�u�le y�ursel� �i�� ��e 
�e�ails, y�u may ins�ea� use ��e ��ll��in� ��e�rem, ��ic� 
pr�vi�es many e�amples �� mani��l�s �n��e ��a� �� � g�1 (0� �  
��ere g �  R�� 1 � R is �e�ne� �y g(x� � jx � � � 1 ) �  

5�l Theore m� Let � C R� be open an� �et g :  � � R� 
be a �i�e�entiab�e fu����on s��h that g� (x� has �an� p �heneve� 
g(x� � 0� Then g� 1 (0� is an (n � p���i�ensiona� ma�ifo�� in 
R�� 

�roo�� T��s ��ll��s imme�ia�ely �r�m T�e�rem 2-�3� � 

T�ere is an al���na�ive c�a�ac�eriza�i�n �� mani����s ��ic� 
is very imp�r�an� � 

5�2 Theore m� � s�bset J� of R� is a ���imens�ona� �an�
fo�� if an� on�y if �or ea�h point x E J� the fo��o�ing "�oo��inate 
�on�ition� is sa��s�e�� 

��� The�e �s an open set � �onta�n�ng x� an open set W C Rk� 
an� a 1�1  ���e�entiab�e f�n�tio� f� W _ R� su�h that 

� 1 �  f�W� � � � �� 
(2) f� �y) has ���� � fo� ea�h y E W� 
(3) f�� �  f(W) _ W �s �ontinuous� 

��uc� a �unc���n f is calle� a c���d��ate syste� a��u�� � 
�see F��ure �-2� � �  

�roo�� I� �� is a �-�imensi�nal mani��l� in R�� c���se 
h �  � -� V sa�is�yin� �J�� � Le� W � { a  E Rk � �a�O� E h����� } 
an� �e�ne f� W � � R� �y f(a� � h��(a�O� � ��ea�ly f( �V� � 
M � � and r1 is continuous. If H :  � � �k is H�z) � 
�h1 �z) � � � � � hk�z)) �  then H���y)) � y fo� a�� y � W ;  the�e
fo�e H� �f�y)) � f� �y) � � and f��y) must have �ank k� 

Suppose, �onve�sely, t�at f� W � �� satis�es �ond�tion �C� � 
Let � = f�y) . A�ume t�at the m�t�ix �DJfi�y) ) �  � � i, j � k 

h�s a �o�-ze�o d�te�����t� De��� g :  W X ���k � �� by 



1 1 �  C������s o� �����o��s 

FI G UR E  5�� 

g�a�b) = ��a) � (O�b) � Then det g� (a,b) = det �D��i�a)) ,  so 
det g� �y,O) � 0� B� T�eo�em ��� �  t�e�e �s an open set V �� 
containing �y,O) and an open _set V 2� �ontaining g�y,O) = � su�� 
�hat g �  V�� �  V2� has a di�e�entiab�e �nve�se h �  V2� �  V��� 
S�n�e r� is �ontinuous, { ��a) � �a�O) � V �� } = � � ��W) fo� 
some open set �� Le� V 2 = V 2� � � and V � = g-�(V 2) � 
Then V2 � M is exa�t�� {j�a) � �a�O) � V� } = { g�a�O) � (a�O) 
� V� } �  so 

h�V� �  M� = g�1��2 � M� = g��� { g�a�O) � �a�O) � V� } )  
= VI � ��k X { 0 } ) �  � 

One �onsequen�e of t�e p�oof of T�eo�e� 5�� should �e 
�oted. �f � � �  W � �  � � and � 2 �  W 2 �  � � a�e �wo �oo�dinate 
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s�s���s� ���� 

!� � �t : ��� ��2�W2��  _  Rk 

�s ����r�n��abl� wi�� non�s�ngu�ar Jacobian. If fac�� f� �y� 
cons�s�s of ��� �rs� � com�onen�s of ��y� �  

T�� hal��s�ace Hk C Rk is �e�ned as { �  E Rk : �k > � � �  
� subse� M of R� is a k�d��e�s���al �a���old�w�th

b�unda�� �F�gur� 5-3� �� for �v�r� �o�n� � E M ei���r con��
��on (M) or ��� fo��ow�ng con�i�ion �s sa��s��d � 

�M�� ���r� �� an o��n s�� U con�ain�ng �� a� o��n ��� 
V C R� � a�d a d���omorp��s� h �  U _  V suc� ��a� 

h ( U  � M� � � � (Hk X { � � )  
= { y � V :  y� > � a�d y�+ � � · · � = y� = � � 

��d ���� �a� kt� ��mp��e�t = �� 
�� �s ���or�an� �o �o�� ��a� con�i�ions (M) a�d �M�� 

ca�no� bo�� �ol� �or ��� sam� �� In fac�� �f h� � U � �  � 1 a�d 
h2 : U 2 _  � 2 sa�is��d (M) an� (M') � r�spec��vel�� ���� 
h2 � h��� woul� b� a d��eren��able �a� ��a� �a��s an o��n s�� 
�n Rk� con�aining h(�) �  in�o a subse� of Hk w�ic� �s no� o�en i� 
Rk� S�nc� �e� �h2 � h1��) '  � 0� ��is con�ra��c�s P�obl�� 
2-36� T�e se� of al� �oin�s � E M fo� w��c� con���ion M' �s 
sa��s��� �s calle� ��� bounda�� of M a�� ��no��� aM. T��s 

��� ��� 
F I G  U R E 5�3. A on�-��m�ns�on�� �n� � two-��m�ns�on�� m�n��o��

w�th�bo�n��ry �n � � •  



� � �  Ca�cu�us o� �a�ifo��s 

�u�� no� b� con�u��d w��h �h� �ounda�y o� a ���, a� d����d �n 
�hap��� 1 (��� ��obl��� 5�� and �-8) � 

Pro���ms� 5-� �  If M is a �-dim�nsiona� m�nifo�d-���h��ound�ry� 
prove �ha� �M is a �� � � ��dimens�on�l manifold and M � �M �s 
a �-dimensional man�fold. 

5�2� Find a �oun�er�xam�le �o Theorem �-2 if �ondi�ion (�) is omi��ed� 

Hi��� �rap an open in�erval in�o a �gure six� 

5�3� �a) Le� A C � � �e an o�en se� su�� ��a� �oun�a�y A �s an (� � �)�

dim�ns�onal manifold. Sho� �ha� � = A � �oundary A is �n 
�-dim�nsional manifold-�i�h-bound�ry� �I� is �e�� �o �e�r in mind 

�h� follo�ing �xampl� � �f A = ! x  E R�� \ x �  < 1 or 1 < � x �  < 2 �  

�hen � = A U �ound�ry A is a man�fold-�i�h-�oundary� �u� 
�� � �oundary A � )  

��) Prove a s�milar asser�ion for an o��n su�se� of an �-d�men�

sional manifold � • 
5�4� Prove a �ar�ial �onverse of Theorem 5�1 : If M C R n is a �-dimen-

sional manifold and x E M� �hen �here is an o�en s�� A C R � �on�
�aining x and a di�eren�ia�le fun��ion � �  A - Rn�k su�h �h�� A � M 

= ��� (0) a�d �� ��) has rank � � � �hen ���) = 0� 
5�5. Prov� �ha� a �-d�mension�l �ve��or) subs�a�� of �� is a �-dim�n�

sional manifold. 

FIG UR E 5�� 



Integrati�n �n M anij��ds ��5 

5-6� If f: Rn � Rm� �he g�aph of � is  l (x�y) : y � f(x� } �  Sho� �ha� 
�he gra�h of f is an ��di�ensional manifold if and on�y if f is 

di�eren�iable� 

5�7� Le� Kn � lx  E �n �  x1 � 0 and x2� • • •  �xn- � > � � �  If M C Kn 
�s a �-dimensional manifold and � is o��ained �y revolving M 
a���d the �� z� � � � • =  z"�� � �� show that � � a (� + !��

dime��io�al ma�i�old� �ample� the to��s ��i�e 5��� 
5�8� �a) If M is a ��dimensiona� m�n�fo�d in R n and � < �� sho� �ha� 

M has measure 0� 
��) If M i� a �losed �-dimens�onal man�fo�d-���h-�oundary �n 

Rn� sho� �ha� �he �ou�dary of � is �M� Give a �oun�er�xample if 
M �s no� ��ose�. 

��) If M is a �om�a�� �-dim�nsional manifold-�i�h-�oundary 

in Rn� sho� �ha� M is Jordan-measura�le� 

��EL�S �N� FO��S ON ��N��OL�S 

��t M b� a �-d�m�ns�onal man��old �n R� and l�� � �  � � R� 
b� a c���d�nat� syst�� a�o�nd x = �(�) . S�nc� �'(�) has ran� 
� ,  t�� ��n�a� t�ans�or�at�on �� � R�� � ��� �s ��� � and �* (R��) 
�s a �-d���ns�ona� s�bs�ac� o� R��� �� � �  V � R� �s anoth�r 
coord�na�� syst�m� w��h � � �(�) , �h�n 

�* (R��) = �� (�� o �)* (R��) � �* (R��) .  

Thus th� ��d�m��s�ona� s�bspac� �* (�� �) do�s not d�p�nd on 
th� coo�d�nat� syst�� �. Th�s s��spac� �s d�not�d M�� a�d 
�s cal��d �h� tan�ent space o� M at x (s�� ��g�r� 5�5)� �n 
�at�r s�ct�ons w� w��l us� th� �act that th�r� �s a �at�ral �nn�r 
prod�ct Tx on M�� �nduc�d by that on R�� � �� ��w E M� d��n� 
Tx���w� = ��,w�z. 

S�ppos� that � �s an op�n s�t co��a�n��g M� and � �s a d���r�
����abl� ��c�or ���d on � s�ch �ha� �(�) E �� for �ach 
x E M. I� ��� W � R� �s a coord�nat� syst�m,  th�r� �s a 
un���� (d���r�nt�abl�) ��ctor ���d� on � s�ch tha��* (G(�)) = 
�(�(�) ) �or �ach � E �� W� ca� a�so cons�d�r a �unct�on � 
w��ch ����ly ass�gns a ��ctor �(x) E M� �or �ach � E M ;  
suc� a f�nct�on �s ca�l�d � ve�to� �e�d on M� Th�r� �s st�ll 
a �n��u� ��ctor ���d G on � such t�at �� �G(�) ) = �(�(�) ) �or 
� E �� w� d��n� � to b� d���r�nt�ab�� �f G �s d���r�nt�abl�. 
Not� tha� o�r d��n�t�on do�s not d�p�nd on th� coord�na�� 



��6 C������� o� �����o��� 

�� G � R E  5�5 

������ ���s� � if � �  V �  �� �� g* (H (b)) = F��(b) ) f�� �� 
b � V� ���n ��� co��on�n� func��on� of H(b� �u�� ��ua� ��� 
co��on�n� func��o�� of G(��(g(b�� � �  �o H �� ������n���b�� 
�� G ��. 

P��c����y ��� �a�� co���d��a��o�� �o�d f�� fo���. � fu�c
��o� w ���c� a���g�� w �x� � ���M�) fo� ��c� x � M �� ca���d 
� p-form on M. If �� � �  R� �� a coo�d��a�� ������� ���� 
�*

w �� � ��fo�� o� �;  �� �e��� w �o b� d��������ab�� �f �*w �� . 
� ���o�� w o� M ca� b� ������� a� 

w =  
l �� < � 

� 
· < �� 

���� ��� f��c��on� ��� � � � � � ip a�e d��ne� o��y on M. T�� 
d������o� of �� g�v�n �reviou��y �o��� �a�� no �en�� ��re� 
���c� D���i� � � � � � ��� �a� no mean�ng� N������e�e��� ���re �� a 

��a�o�ab�� �ay of d��n��g ��. 
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��3 Theo���� There is a un�que �p � I )-form dw on � 
such that for ev�ry coord�na�e system f: W �  R� �e h�ve 

f* (dw) = d�f*w). 

��oo�� �f �� W �  R� �� a coo�d��a�e �y��em ���� x = f�a) 
��� v1 �  � � �  �vp+l E M �� ����e a�e u���ue ��� . � �  ��p+l �� 
R�� �uc� ��a� � (��) = V�� ����e dw(x) �v � �  � � �  �vp+l) = 

d�f*w) (a) (��� � � .  ,�p+1)�  O�e c�� c�ec� ��a� ���� �e�����o� 
of dw (x) �oe� �o� d����� o� ��e coo�d��a�� �y��em f� �o ��a� 
dw �� �e���d����d� �o�eo�er, �� i� c�ea� ��a� dw �a� �o be 
d����d ���� �a�� �o dw �� u����e. I 

I� �� of��� �ece��a�y �o c�oo�e a� o�����a��o� �� for eac� 
�a�ge�� ��ace M � of a ma����l� M� Suc� ��oice� are ��lle� 
consiste�� (F�g��� 5�6� ��ov��e� ��a� for eve�y coo��i�a�� 

(a) 

��) 

FI G UR E  5�6. (�) �o�s�st�nt �n� �b) �n�ons�st�nt �ho���s o� or��n�
t�t�ons. 
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�y���� ��  W � R� an� ��� � W ��� ���a�i�n 

�o��� if an� �n�y �f 

Su��os� ����n�a�i�ns ��� �av� b��n ���_s�n ��nsis��n��y� If 
�:  W � R� �s a �����ina�� sys��� �u�� ��a� 

for on�, an� ��nc� fo� �v��y � � W� ���n � �� ca���d o�ien

ta�ion���ese�vi�g. If � is �ot ��i�n�a���n-������v�ng an� 
T �  Rk � Rk �s a �in�a� ��ansf���a���n ���� ��� T � � 1 � ���n 

� o T �s ��i�n�a���n����s��ving� T����f��� ����� �s an ����n�a�
��on����s��ving c�����na�� sys��� a��un� �ac� ��in�� If � an� 
g a�� ��i�n�a�i�n-p��s��v�ng an� x � �(�) � g��� � ���n ��� 
���a���n 

FI G �R E  5�7. Th� M�b��s str�p, � non-or��nt�b�� m�n��o��� A 
b�s�s b�g�ns �t P� mov�s to t�� r�ght �n� �ro�n�� �n� �om�s b��k to P w�th 
th� wrong ori�nt�t�on� 
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�m�lies th�t 

� (g�I 
0 f)* ((e �)�) � � � �  � (g�I o fh ((ek)�)] � � (e �)b� � � � � (ek) �] �  

so th�t �et (g�I o f) � > 0 ,  �� �m�ort��t f��t to remember� 
� m���fol� for whi�h or�e�t�tio�s Jx ��� be �hose� �o�

s�ste�tly is ��lle� o��ent�ble, ��� � ��rti�ul�r �ho��e of the 
Jx is ��lle� �� o�ient��ion � of M� � m��ifol� to�ether w�th 
�� orie�t�tio� � �s ��lle� �� o��ented m��ifol�� The �l�ssi��� 
e��m�le of � �o�-orie�t�ble m��ifol� is the ��bius stri�� 
� �o�el ��� be m��e by �lui�� to�e�he� �he e��s of � str�� of 
���er whi�h h�s bee� �ive� � h�lf tw�st �Fi�ure 5-7 � �  

�ur �e��itio�s of ve��or �el�s, forms, ��� orie�t�t�o�s ��� 
be ���e for m���fol�s-with-bou���ry �lso� If M is � k-�ime�
sio��l m��ifol�-with-bou���ry ��� � E a�, the� (a�I�x is 
� �k � � )-�ime�sio��l subs���e of �he k-�ime�sio��l ve�tor 
s���e }{ x �  Thus there �re e���tly two u�it ve�tors i� � x 
whi�h �re �er�e��i�ul�r to �aM) x �  they ��� be ��s�i��uishe� 
�s follows �Fi�ure 5-8� � If ��  W _ R� �s � �oor�i��te system 
w�th W C Hk ��� ���) � �� �he� o�ly o�e of �hese u�i� ve�tors 
�s f� �v0� for some v0 w�th vk � 0�  Th�s u�it ve�tor is ��lle� the 
outw��d un�t no���l �(�) � �t is �ot h�r� to �he�� th�t this 
�e��itio� �oes ��t �e�e�� o� the �oor�i��te system � 

Su��ose th�t J is �� orie�t�tio� of � k��ime�sio��l m���fol��
w�th�bou���ry M� If X E a�, �hoose VI ,  • • •  ��k�I E ��M�x 

so th�t �� (�) � � � � � � � ��k�I] � Jx� If it �s �lso true th�� 
�� ��� , WI�  • . .  �wk�I� � Jx� �he� bo�h �v � , � � �  �vk�I� ��� 

[�b � � � �wk�I] �re the s�me orie�t�tio� for �aM�x· Th�s 

orie�t�tio� �s �e�oted (aJ� x� It is e�sy to see th�t the or�e�t��
tio�s �aJ�x� for � E aM� �re �o�siste�t o� aM� Thus �f M �s 
or�e�t�ble, aM is �lso orie�t�ble, ��� �� orie�t�tio� J for M 
�etermi�es �� or�e���t�o� a� fo� aM� ��lle� the �nduced 

o��ent�t�on. If we ���ly these �e��it�o�s to �k with the 
usu�l orie�t�tio�, we ��� th�t the ���u�e� orie�t���o� o� 
Rk�� � { �  E �k� �k � 0 }  is � � l )k times the usu�l orie�t��
tio�� The re�so� for su�h � �hoi�e will be�ome cle�r �� the 
�e�t se�t�o�. 

If M is �� �r�e�ted �� � � )-�ime�sio��l m���fol� �n R�� � 
subst�tute for ��tw�r� u��t �orm�l ve�tors ��� be �e����, 
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FIG U R E  5-8. S�me ���w�r� �n�� n�rm�� ve���rs �� m�n�����s-w��h�
b�����ry �� � � �  

eve� t�oug� M is �ot �ecess�rily t�e �ou���ry of �� �-�ime�
s�o��l m���fol�� If [v 1 � � � � �vn_1] �  �x , we c�oose ���) i� 
Rnx so ���t � ��) is � u�it vector �er�e���cul�r to Mx ��� 
[���) , VI � � . � �Vn� 1� is t�e usu�l orie�t�tio� of �nx· We st�ll 
c�ll ���) t�e outw�r� u�it �orm�l to M ��etermi�e� �y �) � 
��e vectors ���) v�ry co��i�uously o� M� �� �� o�vious se�se. 
�o�versely, if � co�ti�uous f�mily of ��it �orm�l vectors ���) 
�s �e��e� o� �ll of M� t�e� we c�� �e�ermi�e �� orie�t��io� of 
M� ��is s�ows t��t suc� � co�t��uous c�o�ce of �orm�l 
vectors �s im�oss��le o� t�e ����ius stri�� I� t�e ���e� mo�el 
of t�e ����ius s�ri� t�e two s��es of t�e ���er �w�ic� ��s 
t�ic��ess) m�y �e t�oug�t of �s t�e e�� �o��ts of t�e u��t 
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norm�l vec�ors �n bo�h �irec�ions� �he �m�ossib�l��y o� 
choosing norm�l vec�ors con��nuously �s re�ec�e� by �he 
��mous �ro�er�y o� �he ���er mo�el. �he ���er mo�el �s 
one-si�e� (�� you s��r� �o ���n� �� on one s��e you en� u� 
��in��ng �� �ll over) � �n o�her wor�s, choos�ng n�x) �rb��r�r�ly 
�� one �oin�,  �n� �hen by �he con�inui�y re�uiremen� �� o�her 
�o�n�s, even�u�lly �orces �he o��osi�e choice �or n�x) �� �he 
in��i�l �oin�� 

Prob�ems� 5�9 �  Show that Mx consists of the tangent vectors at � 
of curves � in � with � (t� = x� 

�� 10� Suppose e is a collection o� coordinate systems for � such that 

(1)  For each x E � there is � E e which is a coordinate system 

around x; �2� if j�g � �, then det <r1 o g� ' > 0� Show that there 
\ 

is a unique orientation of � such that � is o�ientation�preserving 

if � E e. 

5� 1 1 �  �f � is an �-dimensional manifold�with�b�undary in �n� de�ne 

P� as the usual orientation of �� = �n� �the orientation p so 

de�ned is the usua� ori��tatio� of �) . �f x E ��, s�ow that 

the two de�ni�ions of n �x) given above ag�ee. 

5� 12� �a� �f � is a di�erentiable vector �e�d on � C �n� show that 

there is an open set A � M and a di�erentiable vector �e�d � 
on A with �(x) = F (x) for x E �� H���: Do this locally and 

use partitions of unity� 

�b� �f � is closed� show that we can choose A = �n� 
5 � 1 3 ,  Let g �  A � �P be as in Theo�em ��l .  

�a� �f x E � = g�1 (0), l�t h :  U � �� be the essentially uni�ue 

di�eomorphism such that g o  ��y� �  �y���+l� � � �  �y�� and 

h ��� �  x� �e�ne �� �n�p � �n by �(a) = h(O�a) � Sho� that �* 

is 1-1 so that the n � p ���to�s �� � ��� � �� �  � � . � J* � �en�p� �� a�e 

�inea�ly indep�ndent. 

�b� Show t�at orientations �� can be de�ned consistent�y, so 

that � is orientable� 

�c� �f p = 1, show that the �ompo�ents of the outward norma� 

at x a�e some multip�e of D��(x) � . . �  , D�� (x) . 
��1�� �f M C R" is an orientable �n � I)-�imensional manifol�, show 

that there is an open set A C R" and a di�erentiable g�  A � R 1 so 

that M � g���0� an� g'�x� has rank � for x � M. H���: Prob

lem �� �oes this locally. Use the orientation to choose consistent 

�oca� solutions and use partitions of unity� 

5� 15�  Let � be an �n � I ��dimensional manifold in �n� Let � (�) be 

the set of end poin�s of no�ma� ve�tors �in both directions� o� 

length � and s�ppose � is small enough so that � (�) is also an 
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(n � ! )�dimension�l m�nifold� �how �h�� M(�) is orien���le 

(even if M is no�) . �h�� is M(�) if M is �he ����us s�rip � 

5-1�� �e� g �  � � RP �e �s in Theorem 5�l� �ff: Rn � R is di�eren�i��le 

�nd �he m�ximum (or minimum) o� f on g�� (0) o��urs �� a� show 
�h�� �here are X�� � � �  �Xp E R� su�h �h�� 

� 
(1 �  Djf(a ) � � XiD�gi(a) 

� � �  
� = 1� . . � �n� 

��n�� Th�s e�u��ion �an �e wri��en df(�� = �� � X�dgi(a) �nd is 

o�vious if g (�� � (���p��� � � � �xn) � 
The ��xi�u� o� f on g�� (0) is some�i�es ��lled �he ��xi�um 

o� f su��e�� �o �he con�tr��nts �i = 0� �ne �an ���emp� �o 

�nd a �y solvin� �he sys�em of equ��ions (1 � �  �n p�r�i�ul�r, if 

g � A - R,  we �us� solve n + 1 e�u�tions 

D�f(a) � XD�g(a) � 
g(a) � 0� 

in n + 1 unknowns a� � � � �  �a���� whi�h is o��en very simple 
i� we le�ve �he e�u��ion g (a� = 0 �or l�s�� This is L�gr�ng�'� 

m�thod, �nd �he useful �u� irrelev�n� X is ��lled � L�gr�ng��n 

mult��l��r. The followin� pro�le� �ives a ni�e �heore�i��l use 

�or ���r�n�i�n mul�ipliers . 

5- 1�� (�) �e� �: R n � Rn �e self-�d�oin� wi�h ���rix � = (aij�� so 
�h�� a�� = a�i· �� f(�) = ���,�� = ����X���� show �h�� D�f(�) � 
��������X�� By �onsiderin� �he m�ximum of ���,�� on sn�� 

show �h�� �here is X E sn�� �nd X E R wi�h �� = X�� 
(�) �f � = { y  E Rn�  ���y� = 0 } � show �h�� �(�) C � �nd 

�� � � � � is sel���d�oin�. 

(�) �how �h�� � h�s � ��sis of ei�enve��ors. 

S TO KE S '  TH�O � E M O N  MA NIFO L D S  

�f � �s a ����r� o� a ��d����s���al �a����ld�w�th�bou�dary 
M a�d c �s a s��gu�ar ��cub� �� M� w� d����� 

J � � � c*� 
C �Q� ��P 

p��c�s�ly as be��r� � ����grals ov�r ��c�a��s ar� als� d����d as 
befor�� �� t�e cas� � � � �t �ay �app�� t�at t��r� �s a� 
�pe� s�t � � ��� � � � a�d a co�rd��at� syst�� �: � � R� ��c� 
t�at c(�� � �(�� ��r � E ��� � ]� � a ��cub� �� M w�l� always b� 
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und�rstood to b� of th�s typ�� �f M �s or��nt�d� th� s�ngular 
�-cub� � �s call�d �rie�t�ti��-preservi�� �f � �s� 

5�4 Theo�em� I� c� ,c2 � [O, � �k �  M �re t�o or��ntat�on�
pr�s�rv�ng s�ngu��r ��cub�s �n the �r�ented ��d�mens�on�� m�n��
�o�d M �nd � �s � ���orm on M such th�t � = � outs�de o� 
C� � [�, � ]k� � C2([��� ]k� ,  th�n 

P�oo�. W� hav� 

f � = f �� 
�! �� 

� � � � c�* (�� = � (c�� � c� � *c�* ��� � 
�! [0�1)k �O� ��k 

(H��� c�1 � c� �s d��n�d only on a subs�� of [O , � ]k and th� 
s�cond ��ual�ty d�p�nds on th� fact that � � � outs�d� of 
C� �[O , � ] k� � c2([�, � ] k� � �  �t th�r�for� su�c�s to show that 

� (c�1 � c1� *c2*��� = � c2*(�� = � �� 
[O� ��k [O��)k � � 

�f c2* ��� = f d�� � � � � � d�k an� c2 
- 1  � C� �s d�not�d by g, 

th�n by Th�or�� 4-9 w� hav� 

�c2� � � c�� *c2 *��� � g*(� d�� � � � � � d�k� 
� (f � g� � d�t g� � d�� � � � d�k 
= (� � g� � �d�t g' � . d� � � � � � d�k, 

s�nc� d�t g' = d�t(c2 
- 1  � c�� '  > �� Th� r�sult now follows 

fro� Th�or�� ��� � � I 

Th� last ��uat�on �n th�s proof should h�lp ��pla�n why w� 
hav� had to b� so car�ful about or��ntat�ons� 

L�t � b� a ��for� on an or��nt�� ��d���ns�onal �an�fold M� 
�f th�r� �s an or��ntat�on�pr�s�rv�ng s�ngular ��cub� c �n M such 
that � = 0 outs�d� of c(�O , � ]k� ,  w� d��n� 

� � = � �� 
M c 

Th�or�� �-4 shows � M � do�s not d�p�nd on th� cho�c� of c. 
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�uppos� now that � �s an ar��trary ��fo�� on M� Th�r� �s an 
op�n cov�r e of M such �hat for �ach U E e th�r� �s an or��nta
tion-preserving singular k-cube c with � � c([0, 1]�) � Let � be 

a part�t�on of ���ty fo� M su�ord�nat� to th�s cov�r� W� 
����� 

provided the sum converges as descri�ed � �he discussion pr�
ced��g Theor�m 3-12 (��s is cer�a��� ��� �f M is com�ac�) . 

� ar�ment s�m��ar �o �ha� in Theorem 3-12 sho�s �ha� � � � 
does no� �epend on �he co�r � or on �� 

All ou� d��n�t�ons could hav� ���n g�v�n �or a �-d���ns�onal 
�an�fold����h��o�ndary M w�th o���ntat�o� �� L�t �M hav� 
th� �nduc�d or��ntat�on ��� L�t c �� an o���n�at�on�p��s�rv�
�ng �-cu�� �n M such that C�k � �� l��s �n �M and �s th� only fac� 
wh�ch has any �nt�r�or po�nts �n �M� As th� r��ar�s aft�r 
th� d��n�t�o� of �� show� C�k � �� �s or��ntat�on�pr�s�rv�ng �f � �s 
�v��� �u� no� �f � �s odd� Thus� �f � �s a �� � � )�for� on M 
wh�ch �� 0 ou�s�d� of c��O� ���� ,  w� hav� 

f � = � � � � k £ �. 
C(k ,0) 

�� �h� oth�r hand� C��� �� app�a�s w�th co��c��nt � � � �k �n ��� 
Th���for� 

f � = f � = � � � �k f � = £ �. 
ac � � ��k�(k ��� C�k��� a 

�
�u� cho�c� of �� �as �a�� to �l���nat� any ��n�s s�gns �n th�s 
�quat�on� and �n th� follow�ng th�o���� 

5�� Theo�em (�tokes' Theo�em}. I� M �s � comp�ct 
or�en�ed ��d�mens�on�� m�n��o�d���th�bound�ry �nd � �s � 
�� � � ���orm on M� then 

� d� = � �. 
M aM 

����� �M �s g�v�n th� �nduc�d or��ntat�on�)  

P�oo�. �uppos� �rst that th�r� �s an or��ntat�on-pr�s�rv�ng 
s�ngular ��cu�� �n M � �M such that � = � outs�d� of 
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c( �O, ���� � �y Th�or�m 4�� 3 a�d th� d�����t�on of dw w� h�v� 

Th�n 

� dw = � c� (dw� - J d(c*w� � � c*w = � w� 
c �0� �)k �0� �)k ��k oc 

� dw = J dw = � w = �� 
M c a� 

s�nc� w � � o� � c� On th� oth�r hand� � aM w � � s�nc� w � � 
on �M� 

Suppos� ���t th�t �h�r� �s a� or���t�t�o��pr�s�rv��� s��g��a� 
��cub� �n M such that ���� O� �s th� only fac� �n �M, and � � � 
outs�d� of c��O, � ] �k � Th�n 

� dw � � dw = � w = � w� 
M c oc oM 

Now co�s�d�r th� g�n�ral cas�� Th�r� �s a� o��� c���� 0 

o� M a�d a par��t�on of u��ty � �or M subord�nat� t� 0 s�ch 
that for �ach c E � th� form c � w �s of o�� �f th� t�� �orts 
a���ady cons�d�r�d. W� hav� 

so that 

dc 1 w � � . 

��nc� M �s co�pact� th�s �s a �n�t� sum and �� hav� 

Th�r�for� 

l f dc 1 w � �� 
< � �  M 

� dw = L � c · dw = � dc 1 w + c · dw 
A! < � �  M M 

� l � d(� � w� - l £ c �  w 
< � �  M < � �  a 

� f w� � 
aM 

�������s� �-18� If M is �n ��dimension�l m�nifold (or m�nifold

w��h-�ound�ry� �n ��� wi�h �he usu�l orien���ion, show �h�� 
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�u� dx� � � � � � dx�� �s de�ned �n �h�s se�t�on, �s �he sa�e a� 

� uf� �s de�ned �n �h�p�er �� 

�- 19�  (�) Sho� �h�� �heore� 5�5 �s f��se �f M �s no� �o�pa�t� ��nt� �f 
M �s � m�n�fo�d-���h�bound�ry for �h��h 5�5 ho�ds, �hen M � �M 
�s ��so � m�n�fold-���h-bound�ry (���h emp�y bound�ry) � 

�b) Sho� �h�� �heorem 5�5 holds for non�o�pa�t M prov�d�d 

�h�� w v�n�shes ou�s�de of � �omp��� subse� of M� 
�-�0� �f w �s � �� � � ) -form on � �omp��t �-d��ens�on�� ��n�fo�d M� 

prove �h�� � � dw �  �� G�ve � �ounterexa�ple �f M �s no� 

�omp���. 

�-�1 �  An �b�o�u�� k�t�nsor on � �s � fun���on 7 :  �k � R of �he for� 
\w �  for w E Ak �V) �  An �b�o�ute k��orm on M �s a fun���on 7 
su�h �h�� � (x� �s �n �bsolu�e �-�ensor on M�� Sho� �h�� � � � 
��n be de�ned, even �f M �s no� or�en��b�e� 

�-��� �f M � � �� �s �n �-d�mens��n�� ��n�fold����h-bound�ry �nd 

M � � M � � �M � �s �n �-d�men��on�� ��n�fo�d-���h-boundary� 

�nd M ��M 2 �re �omp���, prove �ha� 

�here w �s �n (n � � )-form on M �� �nd �M � and �M 2 h�ve �he or��

en����ons �ndu�ed by �he usu�l or�ent���ons of M � �nd M 2· H��t� 
��nd � m�n�fold-���h�bound�ry M su�h �h�� �M � �M 1 � �M 2 �nd 

su�h �h�� �he �nduced or�e�����on on �M �grees ���h �h�� for 

�M � on �M � �nd �s �he neg�t�ve of �h�� for �M 2 on �M 2 � 

TH� VO L � M� ���M�N T 

��� �� b� a ��d�m�ns��nal �an����d (or �an���ld�w����bound�
ary) �n �n� ���h an �r��n�a���n �� I� � E M� �h�n �� and th� 
�nn�r �r�duc� T � w� d��n�d pr�v�ously d���r��n� a volum� 
�l�m�n� w �x� E ��( ��) � W� th�r���r� ob�a�n a n����r��z�ro 
����rm w �n ��� wh�ch is call�d �h� vol�me elemen� on M 
(d���r��n�d by �) and d�n���d d�, �v�n though �� �s not g�n�
�rally �h� d���r�n��al �� a (� � 1 )���r�. Th� vol�me �� M 
�s d���n�d as f M d�, pr�v�d�d �h�s �n��gral ���s�s, wh�c� �s 
c�r�a�nly �h� cas� �� M �s c��pac�. "��lu��� �s �sually 
call�d ������ �r �urf�ce �re� ��r on�� and tw��d���ns�onal 
man���lds, and d� �s d�no��d ds (�h� "�l���nt �� l�ng�h�) o� 
d� ��r d�� (�h� ��l�m�n� �� �sur�ac�� ar�a�) �  

A c�nc���� cas� o� �n��r�s� �� us �s �h� volu�� �l���nt �� an 
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or��nt�d surfac� �two�d���ns�ona� �an�fo�d) M �n R�• L�t 
n��� b� th� un�t outward nor�a� at � E M� �f � �  �2 (M�� 
�s d��n�d by 

v 
�(v,�� � d�t � 

n ��� 

th�n �(v,�� = � �f v and � ar� an o�thonor�al bas�s of M� w�th 
[v��� = Jz� Thus dA = �. On th� oth�� hand� �(v,�� = 
�v X �, n ���� by d��n�t�on of v X �� Thus w� hav� 

dA �v,�� = �v X �, n�x�� . 
��nc� v X � �s a �u�t�p�� of n ��� fo� v,� E M�, w� conclud� 
that 

dA �v��� = � v X � � 

�f �v,�� = Jz� �f w� w�sh to co�put� th� ar�a of M, w� �ust 
�valuat� � �� � � � � �* �dA� fo� or��ntat�on�pr�s�rv�ng s�ngula� 
2�cub�s �� D��n� 

E(a� = [D�� �(a� ] 2 + [D��2�a� � 2 � [D����a) � 2� 
F(a� = D1�� (a� � D2�1 (a� 

+ D��2�a� � D2�2�a� 
� D��3 �a� � D2�3�a� , 

G(a� = [D 2�� �a� � 2 + [D 2�2 (a� }2 + �D2�� (a� � 2 � 

Th�n 

�* �dA� ( (e 1� �, (e 2��� = dA (�* ((e���� ,�* � (e2��� �  
� � (D�� �(a� ,D��2 (a� ,D��3 (a� � X (D2� � (a� ,D2�2(a� ,D2�3(a� � � 

= �E(a�G(a� � F(a� 2 

by �rob��� 4�9. Thus 

� �* (dA� = J �EG � F2. 
�0� �� � �0� 1�� 

�alcu�at�ng sur�ac� ar�a �s c��arly a foolhardy �nt��pr�s� � 
�ortunat��y on� s�ldo� n��ds to �now th� a��a of a surfac�� 
�or�ov�r� th�r� �s a s��p�� ��pr�ss�on for dA wh�ch su�c�s for 
th�or�t�ca� cons�d�rat�ons. 



1�8 Calcul�s on Man�fold� 

��� �heore�� Let M be �� �r��ted tw��d�m������ m��
����d ��r m������d���th��u�d�r�) �� R � ��d �et � be the u��t 
out�ard normal� Then 

� � �  dA = n 1 dy 1 d� + n2 d� 1 d� + n3 dx 1 dy. 

M�re�ver� � M �e h�ve 

�2� 
�3� 
��) 

P�oo�. 

n � dA = dy 1 d�� 
n 2 dA = d� 1 d� � 
n3 dA = dx 1 dy� 

�quat�on � � �  �s �qu�va��n� �o �h� �q�a��on 

v 
dA �v �w� � d�� w 

n��� 

Th�s �s s��n by ��pand�ng �h� d���r��nan� by ��no�s a�ong 
�he �o��om r��� To prove �he o�h�r �q����o��, �e� � E R � ��· 
S��ce v � � � ����) for some � E R� �e hav� 

���n(��� � �v X w� n(�)� = ��,n����� = ��,�n���� = ���v X w�� 

�hoos�ng � = e �, e 2� �and e3 w� obta�n �2� �  �3� � and (4 ) �  � 

A word o� cau��on � �f w E A 2 �R3 a� �s d��n�d by 

w = n � ��� · dy(�� 1 d���� 
+ n 2 ��� � d���� 1 d� ��� 

+ n3 (�� · d���� 1 dy��� � 

�� �s not �ru�� for ��a�p��� tha� 

n 1 ��� � w = dy(a� 1 d���� � 
Th� �wo s�d�s g�v� th� sa�� r�su�t on�y wh�n app���d �o 
v,� E �a� 

A f�w r��ar�s shou�d b� �ad� to �us��fy �h� d��n���on of 
��ng�h and s�r�ac� ar�a w� hav� g�v�n� �f c �  �� , � �  �  R� �s 
d���r�n��ab�� and c([� �� ] �  �s a on��d���ns�ona� �an�fo�d-w��h�
boundary� �� can b� shown� bu� �h� proo� �s ��ssy� �ha� �h� 
l�ng�h of c([��� ] �  �s �nd��d th� ��as� upp�r bound of �h� ��ng�hs 
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FI G � R �  5-9. � su�face co��a����g �0 t��a�g�es ��sc��bed �� � por
t�o� of a cy���de�. �f the �u�be� of t��a���es �s ��c�eased su�c�e�t�y� by 
�ak��g the bases of t��a�g�es 3� 4� �, �, etc�� su�c�e�t�y s�a��� the tota� a�ea 
of the ��sc���ed su�face ca� be �ade as �a�ge as des��ed� 
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of �nscr�bed bro�en ��n�s� If c �  [�, � � 2 �  Rn, one natura��y 
hop�s that th� area of c([� , � � 2� w�ll b� the ��ast upper bound of 
the ar�as of surfaces �ad� up o� tr�angles whos� vert�c�s ��e �n 
c([� ,� � 2� �  A�az�ng�y �nough� such a least upp�r bound �s 
usually none��st�n��on� can �nd �nscr�b�d po�ygon�� surfac�s 
arb�trar��y c�os� to c([� ,� � 2� w�th arb�trar�ly larg� ar�a ! Th�s 
�s �nd�cat�d �or a cy��nd�r �n F�gur� 5�9� �any d��n�t�ons 
of sur�ac� ar�a have b��n propos�d, d�sagr���ng w�th �ach 
oth�r� but all agre��ng w�th our d��n�t�on for d���r�nt�ab�� 
surfac�s� For a d�scuss�o� o� th�se d��cult quest�o�s ��e 
r�ad�r �s r�f�rr�d to ��f�r�nc�s [�� or ��5� �  

Pr�b�ems� 5�23� �� M is an oriented one-dimensional mani�old in 
R" and c � [��� ] � M is orienta�ion-preserving� show that 

� c* �ds) � � ��(c� ) '] 2 + � � �  + [ (c")'] 2� 
��, � ]  [�,� ]  

5�24� �� M is an ��dimensional mani�old in �"� with the �s�al orienta

�ion� show th�t d� � d� � � � � � � dx", so that the vol�me o� 
M� as de�ned in this sec�ion, is the vol�me as de�ned �n Chapter �. 

(�ote that this depend� on the n�mer�ca� �actor in the de�nition o� 
w � ��� �  

5�25� Generalize �heorem 5�6 to the case o� an oriented (n � � )-dimen�
sional mani�old in �"� 

5�26� (a) �� f� [a�b] � � is non�negative and the graph o� f in the 

��-plane is revolved aro�nd the ��axis in �3 to yield a s�r�ace M� 
show that the area o� M is 

b f 2�� � 1 + �!'� �� 
� 

(�) Comp��e the area o� �2• 
5�27� �� �� R" �� � n is a norm preserving linear transformation and M 

is a �-dimensional manifold in n�� show that M has the same 

vol�me as ��M� . 
5�2�� �a) �� M is a ��dimensional man��o�d� show that an a�sol�te 

�-�ensor �d�� can �e de��ed, eve� i� M is not orienta�le, so tha� 
�he vol�me of M can �e de�ned as J ��d� � .  

��) I� c �  [0,2�] X � - � �1) � �3 is de�ned �y c (u,v� � 
' 

�2 cos u + v sin (�/2)cos u� 2 sin u + v sin (�/2) sin u� v cos �/2), 

show that ���0,2�� X � � 1 , 1 ) )  is a ���i�s strip and �nd i�s area� 
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5�29� �f there �s a nowhere-zero �-form on a �-d�mens�ona� man�fo�d M� 

show that M �s or�enta��e. 

5�3�� (a) �f �: ��,� ] � � �s d��erent�a��e and c �  [��� ] � �2 �s de�ned �y 

c (x) � (x,f(x) )� show that c�[�� �]) has �ength J� �� + (�'� 2� 
(�) �how that th�s �ength �s the �east upper �ound of �engths of 

�ns�r��e� �roken ��nes. Hi�t� �f � � t� < i t  < � � � < �� � � ,  

then 

� c (��) - c(����) � � � (t� - ����� 2 � (f(t�) - f(����)) 2 
� �(t� - t���) 2 + f� (s�� ��t� - t���� 2 

for some �� � [����,t�� · 
5�31 � Cons�der the 2-form w de�ned on � 3 - � �y 

x dy � dz + y �z � �x + z �x � dy w �  (x� + y2 + z2)� 

(a) Show that w �s ��osed. 
(�) Show that 

�or � > � �et �2 (�) � {x � �� �  �x �  � � � .  Show that w restr��ted 

to the ta��ent spa�e of �2(�) �s � /�2 t�mes the vo�ume e�ement� 
��d that J S2 �r) w � 4�� Con��ude that w �s not exa�t� �everthe

�ess we denote w �y de s�nce� �s we sha�� see� de �s the �na�ogue of 
the ��form dO on � 2 � �. 

(�) �f Vp �s a tangent ve�tor su�h that v � X� for some X � � 
show that de (�) (vp,wp) � � for a�� Wp. �f a two-d�mens�ona� 

man�fo�d M �n � 3 �s part of a genera��zed �one, that �s, M 

�s the u��on of segments of rays through t�e or�g�n� show that 
� de � �. 

(d) �et � C �3 � � �e a �ompa�t two-d�mens�ona� man�fo�d

��th-�ou�dary su�h that every ray through � �nterse�ts M at most 

���e (��gure ����� � �he un�on of those rays through � wh��h 

��terse�t� M� �s a so��d �o�e �(M) � �he ����� ����� su�tended �y M 

�s de��ed as the area of �(M) � �2, or equ�va�e�t�y as � ��2 t�mes 

the �re� of �(M) � �2 ��) for � > �� Prove that the so��d ang�e 

su�te�ded �y M �s �� � de � � H��t : Choose � sma�� enough so 

that there �s a t�ree-d�mens�ona� man�fo�d-w�t���oundary N (as �n 
���ure ����) su�h that �N �s the un�on of M and � (M) � �2(�) , 
��d a part of a ge�era��zed �one� (A�tua��y� N w��� �e a man�fo�� �

w�th��orners � see the remarks at the end of the next se�t�on � )  



��2 Calculus on M anijo�ds 

��M� 

� � � � � � �

�I G U R E  5�10 

����� L�t j, g:  [0� 1 ]  � � R � b� n�n�n���s����ng �l�s�d �u�v�s� ���n� 

�h� ��nk�ng n�mber �(f��� �f f �nd � b� ��� ���b��� 4�34� 

� 1  

f 
�(f��� = �  de� �� 

Cf�q 

��� �how �h�� �f ��,�� �� � h������� �f non�n���s����ng �����d 

�u�v�s, �h�n ����,��� =  ����,��� � 
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��� �f r (��v� = l�(�� � �(v� � show �h�� 

whe�e 

1 1 

- �  I I 
1 

�(���) = 4� �r (��v� � �  
� A (��v� �� �v 

� � 

( (��� ' (�� 
A (��v� = det (g� � ' (v� 

(�2� � (�� 
(g2� � (v� 

j� (�� � g� (v) �� (�� � g� (v� 

��� 

�c� Sh�w ���� � �f��� = 0 �f � ��d g �o�h lie �n the ���p���e� 

The c���es of Fi���e 4�5 �� � B�e �i�e� by �(�) = �cos u, sin �� 0) 

��d g(v� = �1 + cos v� 0, s�� v� . You m�y e�s�ly con�ince 

yo��se�f �h�t c��c�l��i�� �(���� by �he ��o�e i��e�r�� is hopeless in 

this c�se� T�e followi�� p�o�lem sho�s how �o ��d � (���� withou� 

e��l�ci� c�lc�l�tio�s� 

5�33. ��� �f (a�b�c) E � 3 de�ne 

�O������� -
�� � a��y � dz + �� � b�dz � �x + �z � c)�x � �� 

[ �� 

-

a) 2 + �� � b� 2 + �z � c) �]! 

�f M is � comp�c� �wo�dime�s�o��l m��ifo�d�wi�h��ound��y m 

� � �nd (a�b�c� E M de��e 

Q (a�b�c) = f dO(a,b �c) · 
M 

Le� (a�b�c� be � poin� on ��e s�me s�de �f M �s �he �utw�rd n��m�l 

��d (a' �b'�c'�  � p���� o� ��e ��p�s��e s�de� Show �h�� �y choosi�� 

(a�b��� s��c�e���y close �� (a��b'�c�� we c�� m�ke Q (a�b�c� �
�(a��b'�c'� �s cl�se �o � 4� �s desi�ed� H�n� � F��st show th�t if 

M = �N �he� � (a�b�c� = � 4� fo� �a�b�c) E N � M ��d �(a�b�c) = 
0 fo� (a���c) E N� 

��� S�pp�se /�[0� 1 � �  = �M fo� s�me comp�c� o��en�ed �wo

dime�s�o��l m�nifo�d-wi�h��o�nd��y M� ��f � does not in�ersect 

i�se�f s�ch �n M �lw�ys e�is�s, e�en if /is �not�ed� see [6], ���e 138�� 

S�ppose �h�� w�ene�e� � �n�e�se��s M �� � the ��n�ent �ecto� v of 

g is �o� i� M x· Le� n+ �e �he n�mbe� of i��e�sec�ions where v 
po�n�s i� �he s�me di�ec�io� �s �he o�tw��d norm�l ��d �� the 

n�m�e� of o�he� in�e�sec��ons� �f � � �+ � n� show th�t 
-

1 � 
n = - ��� 4� 

g 



��4 

��) Prove that 

D�����b�c) � 

w��r� r (����z) � � (����z) � �  

Cal�ulus o� Ma�i�ol�s 

� (� � b��z � (z � �)�y 
r3 

I 
� (z � �)�x � (x � �)�z 

r� 
I 
� (� � �)�y � (� � b)�x� 

r3 
I 

��) ��ow that the integer � o� ��) equals the integral o� Pro��

lem ��3� ��) , an� use t�is result to show that l(��g) �  � if � and g 

are the �urves o� Figure 4-6 ��) ,  w�ile l��,g) � 0 i� � an� g are t�e 

�ur�es o� Figure 4-6 ��) �  �T�ese results were known �o Gauss 

��] � Th� proo�� outlin�� h�r� are �rom �4] pp. 409�4�� � see also 

��3]� Volu�� �� pp� 4��43�)  

TH� C L A SSICA L TH�O R �MS  

W� ha�� no� pr�par�d a�� th� �ach�n�ry n�c�ssary to stat� and 
pro�� th� class�ca� "Sto��s� typ�� o� th�or��s� W� ��ll 
�n�u�g� �n a l�tt�� b�t o� s���-e�p�anatory class�ca� notat�on� 

5�7 Theorem (Green's Theorem)� Le� M � �� be a com�
pa�� ��o�d�mens�ona� man�fo�d����h�boundary. S�ppose ��a� 
���: M � � are d��eren��ab�e� Then 

� � dx + � dy = � (D�� - D��)dx 1 dy 
�M M 

= � � �� - �� dx dy� 
M 

(H�r� M �s g���n th� usua� or��ntat�on� and �M th� �nduc�d 
or��ntat�on, a�so �no�n as th� count�rcloc���s� or��ntat�on. )  

�roo�� Th�s �s a ��ry sp�c�a� cas� of T��or�� 5�5� s�nc� 
d(� dx + � dy� = (D�� � D���dx 1 dy. � 
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��8 Theorem (D�verge�ce Theorem�� Let � C R� �e a 
compact three�d�mens�o�al man�fold���th��oundary a�d n the 
un�t out�ard normal on �N� Let F �e a d��erent�a�le �ector �eld 
on M� Then 

� d�� F d� = � �F,n� d� � 
M aM 

Th�s equat�on �s also �r�tten �n terms of three d��erent�a�le �unc
t�ons �����: � �  R� 

� � � e: + � � �� d� = I� (n �� � n�� � n��� dS� 
M a� 

Proof� De�n� w on M by w = F� dy � dz + F� dz � d� + 
F� d� � dy� Then dw = div F d�� �ccording to Th�ore� 
5�6� on �� we hav� 

n � d� = dy � dz� 
n� d� = dz � d�� 
n� d� = d� � dy� 

Th�re�ore on �M w� hav� 

�F,n� d� = F�n� d� � F�n� d� + F�n� d� 
= F� dy � dz � F� dz � d� � F� d� � dy 
= w� 

T�us� by Theore� 5�� we have 

� di� F d� = � dw = � w � � �F� n� d� � � � � aM aM 

5�9 Theorem (Stoke�� Theorem�� Let M � R� �e a com
pact or�ented t�o�d�mens�onal man�fold���th�boundary and n the 
un�t out�ard normal on N� determ�ned by the or�entat�on of ��� 
Let �M ha�e the �nduced or�entat�on� Let T be the �ector �eld on 
�M ��th ds� T� = � and let F be a d��erent�able �ector �eld �n 
an open set conta�n�ng �� Then 

� ��V � F� , n� d� 
� 

� � �F�T� ds� 
a� 



��� Calc�l�s on ��ni�ol�� 

Th�s eq�at�on �s somet�mes �r�tten 

� � dx + � d� + � dz = 

aM 

n� - � � � n - � � � n� � - � dS. f� [ (�� ��) � (�� ��) (�� ��)J �� �z �z �x �x �� 
M 

P�oof� De�ne � on � by � = F 1 dx + F� d� + F� dz� 
S�nce \ X F has co�ponents D2F� - D�F�� D�F

� � D�F�, 
D �F� - D�F�� it �o�lows� as �n the proof o� Theore� 5�8, that 
on � we ha�� 

� �� X F) � n� d� = (D2F� - D�F�)d� 1 dz 
+ (D�F

� - D�F�)dz 1 dx 
� �D1F� - D�F1�dx 1 d� 

= d�. 

On the other han�, since ds(T� = � ,  on �� w� have 

T� ds = dx � 
T� ds = d�� 
T� ds = dz. 

(These equa�ions �ay be chec�e� by apply�n� b�t� s��es �� 
T�, �or X E ��, s�nce T� is a bas�s �or (����� )  

Ther�for� on �� �e ha�� 

�F,T� ds = F�T� ds + F�T� ds + F�T� ds 
= F � dx + F� d� � F� dz 
= �. 

Thus� by Theo��� 5-5 � we ha�e 

� � �� X F) ,n� d� = � d� = � � = � �F�T� ds� � 
M M �� �� 

Theor��s 5-8 an� 5-9 a�e th� bas�s fo� the na�es ��v F an� 
cu�� F. �f F(x� is the �e�oc�ty v�ctor �f a �u�� at x (at s��� 
t��e) then ��� ����� dA � the a�ount of �uid "dive�ging� 
��o� M. Conse�uent�y the �ondition div � � � exp�esses 



�nt���t��� �n M �������� ��7 

t�� fa�t that t�e �u�d �� �n�o�pr�ss�bl�. I� M �s a d���� t��� 
� �� ��� �� ds �easures t�e a��un� t�at th� �u�d ��r�s ar�u�d 
��� ������ �� ��� d���� I� ���� �� ���� ��r al� d���s� ���� � � � 

= �� and th� ���d �s ca���d �rro�a��onal� 
Thes� ��terpr�tat��ns �� d�� � and cur� � ar� d�� t� �a����� 

� �3] �  �a��e�l actua��y ��r�ed w�th the negat��e of d�� �� 
�h��h h� accord��g�y called th� con�ergence� For � � � 
�a�well pr�posed "��th great di�dence� the ter��no���y 
ro�a��on of�� th�s u��ortunate ter� sugg�st�d t�e abbr���at��n 
��t � �h�c� ��� �cc�s�ona�ly st��� s��s� 

Th� ��ass�ca� the�re�s of th�s s��t�o� ar� usua��y stated �� 
so�ewhat �reater �enera��ty than th�� are ��re� �or ��a�
p�e, �r�e��s Theorem �s tru� for a square� and th� D�v�rg�nc� 
The�r�� �s tru� for a cube� These t�o part�c��ar �acts ca� 
b� prov�d by appro���at�n� th� squar� �r cub� by �an�fo�ds�
��th-b�u�dary� A th�rough �e��ral�zat�on of th� theore�s �� 
t��s sect��n requ�res the concept of �an��o�ds�w�th-��r��rs ; 
these are subsets o� Rn �h�ch ar�� up to d��e��orph�s�� 
��ca��y a portio� �f Rk �h�c� �s bounded b� p����s �f �� � � )
p��n�s� Th� a�bit��us r�ad�r ���� �nd �t a cha������n� ���r
��se t� de�n� �an�folds�w� �h-cor�e�s r��or��s�y and t� 
����st��at� h�� t�� r�su�ts �f th�s ent�r� ��apter �ay �� 
����ra��z�d� 

��ob�ems� ����� ��n�rali�� t�� d�vergen�e t��ore� �o t�� �a�� �� 
an ���ani�old wit� �oundary in � �� 

5-35� Applying t�e generalized divergence t�eorem to the �et M �  
{x � �� �  �x � < � }  and �(x) � ��� �nd �he volu�e o� ���� �  
{x � �� �  �x � � � }  in �er�� o� the �-dimen�ional volume o� �� � 
{x E ��� � x �  < � } � (���� vo�u�e i� ��� �  �(��2) � i� � i� even and 
2����� � ������� � ��� � 3 · � � � � �  � � �� � �� odd�) 

���6� De�ne � on R 3 �y �(x� � �  (����cx3�� and �et M �e a �o�pa�t 
three-di�en�iona� man��old-with��oundary w�th M C {x �  x� < 

0 } �  ��e ve�tor �eld � �ay �e thoug�t �� a� t�e downward pre��

�ure of a �uid o� den�ity c in {x �  x3 < 0 } �  �in�� a �uid exert� 
e�ual pre��ure� in al� direct�on�, we de�ne the b�o���t �o�ce on M, 
du� to the �uid, a� ���M ����� �� � Prove the �ollowing t�eorem� 

�heor�m ���ch�me���� � �he �uoyant �or�e on M i� e�ual to th� 
w�ig�t o� t�� �uid d��pla�ed �y M. 
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� dde�d� 

1 �  It sh�u�d be remar�ed after The�rem 2�1 1 (the I�ve�e 
Fu�cti�� The�rem) that the f�rmu�a f�r r� a����s us �� c��
c�ude that rl is actua��y c��ti�u�us�y di�ere�tia��e (a�d �hat 

it is �� if � �) . I�deed, it su�ces t� ��te that the e�tries �f 
the i�ve�e �f � matrix A are �� fu�cti��s �f the e�tries 

�f A. This f�����s fr�m "Cramer's Ru�e� : (A �l)�i � 
( det A i�) / ( det A), �here A �� is the matrix ��tai�ed fr�m A 
�y de�eti�g r�� � ��d c��um� j� 

2� The pr��f �f the ��t part �f The�rem 3�8 ca� �e simp�i

�ed c��siderab�y, re��e��g Lemma 3�7 u��ecessary� It 
su�ces t� c�ver B �y the i�teri�rs �f c��sed recta�g�es U� �ith 
��1�(U�) � e, a�d t� ch��se f�r each x E A - B a c��sed 
rect��g�e V z, c��tai�i�g x i� its i�teri�r, �ith M v� �J -
� v� �J � e. If every subrecta�g�e �f a partiti�� P is c��

tai�ed i� ��e �f s�me ��ite c���ecti�� �f U/s a�d V z's �hich 

c�ver A, a�d �J(x) � � M f�r �� x in A, the� U(�, P� - �(�, P� 
� ev (A) + 2Me� 

The pr��f �f the c��ve�e part c��tai�s a� err�r, si�ce 
M�(J - �� �J > 1/n is guara�teed ���y if the i�teri�r �f � 
�ntersects B ���· T� c�mpe�sate f�r this it su�ces t� c�ver the 

b�u�daries �f a�� su�recta�g�es �f P �ith a ��ite c���ecti�� �� 
recta�g�es �ith t�ta� v��ume � e� These, t�gether �ith �� 
c�ver B1��, a�d have t�ta� v��ume � 2e. 

�4� 



�4� Addenda 

3� The argume�� �� �he ��� par� �f The�rem 3�14 (�ard�� 

The�rem� req��re� a �����e amp���ca����� If U C A �� a c���ed 
rec�a�g�e ���h ��de� �f �e�g�h �� �he�, �ecau�e U �� c�mpac�, 
there �� a� ���eger N ���h �he f�������g pr�per�y � �f U �� 

d�v�ded ���� N� rec�a�g�e�, ���h ��de� �f ���g�h �/N� �he� 

jD;gi(w) � D;g�(z) ! � �j�� �he�ever � a�d z are b��h �� ��e 
�uch rec�a�g�e �� G�ve� x E �� le� �(z) � Dg(x) (z) � g(z) � 
The�, �f � E �� 

ID�f(z) � � �D;gi(x) � D;gi(z) �  � ����• 
S� �y Lemma 2�10, �f x,y E �� �he� 

jDg(x) (y � x) � g(y) + g(x) �  � � J(y) � �(x) � � e!x � �� 
S � � ��/N� � 

�� F��a��y, �he ���a���� A��V� appear��g �n �h�� ���� �� 
��c�rrec�, ���ce �� c����c�� ���h �he ��a�dard de������� �f 

Ak�V� (a� a cer�a�� qu���e�� �f �he �e���r a�gebra �f V� � ��r 
�he vec��r �pace �� que����� (�h�ch �� �a�ura��y ���m�rph�c �� 
Ak�V*� f�r ����e d�me�����a� vec��r �pace� V� �he ���a���� 

�k�V� � pr�ba��y �� �he �ay �� �ec�m��g ��a�dard. Th�� 
�u�����u���� �h�u�d �e made �� pa�� 78�85, 88�89, 1 16, a�d 
126�128� 


